Class 12 Maths Chapter 6 Applications of Derivatives

Question 1:
Find the rate of change of the area of a circle with respect to its radius r when

(@r=3cm(b)r=4cm
ANSWER:

The area of a circle (A)with radius (r) is given by,
A=mr
Now, the rate of change of the area with respect to its radius is given
dd d A
- fm' }= 2mr
by, @ dr®
1. When r=3 cm,

= =2n(3)=6n
dr
Hence, the area of the circle is changing at the rate of 611 cm when its radius is 3 cm.

2. Whenr=4cm,

oA =2n(4)=8xn
dr

Hence, the area of the circle is changing at the rate of 811 cm when its radius is 4 cm.
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Question 2:

The volume of a cube is increasing at the rate of 8 cm3/s. How fast is the surface area
increasing when the length of an edge is 12 cm?

ANSWER:
Let x be the length of a side, V be the volume, and s be the surface area of the cube.

Then, V = x3 and S = 6x2 where x is a function of time .



U -
= scm /s

Itis given that <

Then, by using the chain rule, we have:

g — daV _ d [1,) _ d {_T_; } dy _ 3.T3.£I{Y

drdr el dlt dt
dx _ 8 (1)
= dr 3x
MNow, ﬁ = i(ﬁx: } = i(ﬁ.‘f: } - ﬂ [B}' chain rule]
dr dr dx dt
=125 _ 125 ﬁJ: 2
il \ X X
ds 32 ; 8
= cm”/s=— cm /s

Thus, when x =12 cm, @ 12 3

Hence, if the length of the edge of the cube is 12 cm, then the surface area is increasing at
8

the rate of 3 cm?/s.
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Question 3:

The radius of a circle is increasing uniformly at the rate of 3 cm/s. Find the rate at which the
area of the circle is increasing when the radius is 10 cm.

ANSWER:

The area of a circle (A) with radius (r) is given by,
A=mnr
Now, the rate of change of area (A) with respect to time () is given by,

dr
=2y —

dd  d 5y dr
= [m' —
Tt lt

— = | By chain rule]
dr dr

It is given that,



dr

— =3 cm/s
et

A
=2ur(3)=b6nr
.ol (3)=6

Thus, when r =10 cm,

-ilra‘f T,
== 6m(10)=60m cm” /s
dt

Hence, the rate at which the area of the circle is increasing when the radius is 10 cm is
601 cm?/s.
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Question 4:

An edge of a variable cube is increasing at the rate of 3 cm/s. How fast is the volume of the
cube increasing when the edge is 10 cm long?

ANSWER:
Let x be the length of a side and V be the volume of the cube. Then,
V=x

dl s dx
aF 3=
o dt dt (By chain rule)

It is given that,

ﬂ =3 cm/s
dt
dV 5 -
— =3x"{3)=9x"
.t (3)

Thus, when x =10 cm,

dl

=9(1 D}: =900 cm’ /s
dt



Hence, the volume of the cube is increasing at the rate of 900 cms3/s when the edge is 10
cm long.
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Question 5:

A stone is dropped into a quiet lake and waves move in circles at the speed of 5 cm/s. At
the instant when the radius of the circular wave is 8 cm, how fast is the enclosed area
increasing?

ANSWER:
The area of a circle (A) with radius (1) is given by 4 = |

Therefore, the rate of change of area (A) with respect to time () is given by,

A B el

4 _i ‘z-tff‘z,‘ dr
E_El[m }—m_{m | T

"l dt [By chain rule]

dr

=5 cm/'s
It is given that ¢

Thus, when r = 8 cm,

Ji:zx[x]m:mm
di s

Hence, when the radius of the circular wave is 8 cm, the enclosed area is increasing at the
rate of 801r cm?/s.
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Question 6:

The radius of a circle is increasing at the rate of 0.7 cm/s. What is the rate of increase of its
circumference?

ANSWER:



The circumference of a circle (C) with radius (r) is given by
C = 2mr.
Therefore, the rate of change of circumference (C) with respect to time (¢) is given by,

dC _ dC dr
dt dr dt By chain rule)

o \ dr
= — 2 ) —
c.l".l‘{ o } et

=2K-—
et

ﬂ ={.7 cm/s

It is given that &

is2m(0.7)=1. s.
Hence, the rate of increase of the circumference n(0.7) =14 cm/s
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Question 7:

The length x of a rectangle is decreasing at the rate of 5 cm/minute and the width y is
increasing at the rate of 4 cm/minute. When x = 8 cm and y = 6 cm, find the rates of change
of (a) the perimeter, and (b) the area of the rectangle.

ANSWER:

Since the length (x) is decreasing at the rate of 5 cm/minute and the width (y) is increasing
at the rate of 4 cm/minute, we have:

dx A dy .
= -5 cm/min =4 cm/min

i and i
(a) The perimeter (P) of a rectangle is given by,
P=2(x+y)

~dP
ot

[ 7
dx dh :
=2| —+—= |=2(-5+4)=-2 cm/min
\ df ot )



Hence, the perimeter is decreasing at the rate of 2 cm/min.
(b) The area (A) of a rectangle is given by,
A=x-y

i :E-_n#x-ﬁ ==5y+4x
Lot dr df

{4 1. r PR
== [—5:{(;*4& 8) cm’ /min=2 cm” /min

When x =8 cm and y =6 cm, ¢!

Hence, the area of the rectangle is increasing at the rate of 2 cm?/min.
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Question 8:

A balloon, which always remains spherical on inflation, is being inflated by pumping in 900
cubic centimetres of gas per second. Find the rate at which the radius of the balloon
increases when the radius is 15 cm.

ANSWER:

The volume of a sphere (V) with radius (r) is given by,

V=—m

~.Rate of change of volume (V) with respect to time (t) is given by,

dli _ dar dr

dr dr dr [By chain rule]

d|4 1} dr

=—| —mr g —_—

dr\ 3 Jodt
dr

=4 —
df

d =900 cm’ /s

It is given that @



dr

~900 =4nr’ -
dt
g 900 225
= —=——=—"
dr dmrm e

Therefore, when radius = 15 cm,

L

dr 22
dt - m(15)° =

Hence, the rate at which the radius of the balloon increases when the radius is 15 cm is

1 )
— CM/'s.
T

Page No 198:
Question 9:

A balloon, which always remains spherical has a variable radius. Find the rate at which its
volume is increasing with the radius when the later is 10 cm.

ANSWER:

V=—nr
The volume of a sphere (V) with radius (r) is given by 3

Rate of change of volume (V) with respect to its radius (r) is given by,

ﬂ :il‘ i!‘[f"l .I| :iﬂ(jf"}= 4“:!-?
dr drl 3 /3

Therefore, when radius = 10 cm,

W _ 4z(10Y =400n

or
Hence, the volume of the balloon is increasing at the rate of 4001T cm2.
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Question 10:



A ladder 5 m long is leaning against a wall. The bottom of the ladder is pulled along the
ground, away from the wall, at the rate of 2 cm/s. How fast is its height on the wall
decreasing when the foot of the ladder is 4 m away from the wall?

ANSWER:

Let y m be the height of the wall at which the ladder touches. Also, let the foot of the ladder
be x maway from the wall.

Then, by Pythagoras theorem, we have:

x2 + y2 = 25 [Length of the ladder = 5 m]

Then, the rate of change of height (y) with respect to time () is given by,
dv  =x clx

— =
lel'Il?l \'Izﬁ—.r- Hf!

dx ,
=2 cm/fs

It is given that &
. d:'r . =2x
dt J25- ¥
Now, when x =4 m, we have:
dy B —2x4 8

N -
dt J25_4 3

cm/'s
Hence, the height of the ladder on the wall is decreasing at the rate of 3
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Question 11:

A particle moves along the curve ©¥ =% *2 _Find the points on the curve at which the y-

coordinate is changing 8 times as fast as the x-coordinate.
ANSWER:



The equation of the curve is given as:
6y=x"+2

The rate of change of the position of the particle with respect to time () is given by,

When the y-coordinate of the particle changes 8 times as fast as the

(b _ )

x-coordinate i.e., dt dt J . we have:

() .y

2|8 =x"
Loodr dt
:}mn’r ) ex
df el

=x' =16
==y =44
x=4,, :4' +2:66:“
When 6 6
—4) +2
12_4__F{ J+2 62 3l
When 6 6
f A
!
Hence, the points required on the curve are (4, 11) and * 3
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Question 12:



1

The radius of an air bubble is increasing at the rate of 2 cm/s. At what rate is the volume of
the bubble increasing when the radius is 1 cm?

ANSWER:
The air bubble is in the shape of a sphere.

Now, the volume of an air bubble (V) with radius (r) is given by,
V=—m

The rate of change of volume (V) with respect to time () is given by,

di: ini{j" ]|ﬂ [H}' chain rule]
dit 3 dr el

4 . dar

=—q(3r | —

303 )m

=d4mr ﬂ

ar

1
— =— cm/s
Itis given that & 2

Therefore, when r=1 cm,

v [ .
”I—=4?t{]]_ l]=2n cm’ /s
ot L2

Hence, the rate at which the volume of the bubble increases is 21T cmd/s.
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Question 13:
E{ZI +1).
A balloon, which always remains spherical, has a variable diameter 2 Find the rate
of change of its volume with respect to x.
ANSWER:

The volume of a sphere (V) with radius (r) is given by,



4
V=—mur

It is given that:

_3(2x+1)
Diameter
3
= pr="(2x+1
J(2x+1)
4 (3 9 .
S =—=n = (2x+]1) =—m(2x+1
37 ) B+l =gm(2x+])

Hence, the rate of change of volume with respect to x is as

dJ 9 4 ;9 3 27 3
=" 2x 1) =—a=32x+1) %x2= m(2x+1) .
i e L) Sl (23
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Question 14:

Sand is pouring from a pipe at the rate of 12 cm?¥/s. The falling sand forms a cone on the
ground in such a way that the height of the cone is always one-sixth of the radius of the
base. How fast is the height of the sand cone increasing when the height is 4 cm?

ANSWER:
The volume of a cone (V) with radius (r) and height (h) is given by,

|
V=—mwrh
3

It is given that,
1
h==r = r=>06h
6
s :;w{ﬁh}? h=12nk’
A

The rate of change of volume with respect to time (t) is given by,



.:?rV d FER dh
=12x -
dt dh di [By chain rule]
=12n (34’ R
St
= 36ni?
dt

i 1.
Wil 12cm™ /s

It is also given that alt
Therefore, when h = 4 cm, we have:

12=36r(4) &
dr
dh 12 1

—_—— = =
dr 36m(l6) 48n

Hence, when the height of the sand cone is 4 cm, its height is increasing at the rate of

—— cm/'s
48n
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Question 15:

The total cost C (x) in Rupees associated with the production of x units of an item is given
by

C(x)=0.007x" —0.003x" +15x +4000

Find the marginal cost when 17 units are produced.

ANSWER:

Marginal cost is the rate of change of total cost with respect to output.
= £y = ﬂ_ﬂ[‘}?{fﬁx: ) —0.003(2x)+15

~Marginal cost (MC) ¢

=0.021x" —0.006x +15



When x =17, MC = 0.021 (172) - 0.006 (17) + 15

= 0.021(289) - 0.006(17) + 15

=6.069 - 0.102 + 15

= 20.967

Hence, when 17 units are produced, the marginal cost is Rs. 20.967.
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Question 16:

The total revenue in Rupees received from the sale of x units of a product is given by

R(x)=13x"+26x+15

Find the marginal revenue when x = 7.

ANSWER:

Marginal revenue is the rate of change of total revenue with respect to the number of units
sold.

di
~Marginal Revenue (MR) dx = 13(2x) + 26 = 26x + 26

When x =7,
MR = 26(7) + 26 = 182 + 26 = 208
Hence, the required marginal revenue is Rs 208.
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Question 17:
The rate of change of the area of a circle with respect to its radius rat r=6 cm is

(A) 101 (B) 121 (C) 81 (D) 117
ANSWER:



The area of a circle (A) with radius (r) is given by,
A=’

Therefore, the rate of change of the area with respect to its radius ris

a4 _ ad l(m,:}: Yoy
dr dr :
~When r=6 cm,
dA

C=2xx6=12ncm /s
ar

Hence, the required rate of change of the area of a circle is 121 cm?/s.

The correct answer is B.
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Question 18:

The total revenue in Rupees received from the sale of x units of a product is given by

) =3x" +36x+5 _
R(x)=3x"+36x+: . The marginal revenue, when * =15 is

(A) 116 (B) 96 (C) 90 (D) 126
ANSWER:

Marginal revenue is the rate of change of total revenue with respect to the number of units
sold.

R
~Marginal Revenue (MR) ¥ = 3(2x) + 36 = 6x + 36

~When x = 15,

MR =6(15) + 36 =90 + 36 = 126



Hence, the required marginal revenue is Rs 126.

The correct answer is D.
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Question 1:

Show that the function given by f(x) = 3x + 17 is strictly increasing on R.
ANSWER:

Let™ and x, be any two numbers in R.
Then, we have:

X, <x, = 3x, <3x, =3y, +17 <30, +17= f(x) < f(x,)

Hence, fis strictly increasing on R.
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Question 2:

Show that the function given by f(x) = e is strictly increasing on R.
ANSWER:

Let™ and x, be any two numbers in R.

Then, we have:
XN <x, =2 <2xn=e <™ = f(x)<f(x)
Hence, fis strictly increasing on R.
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Question 3:



Show that the function given by f(x) = sin x is

: ! 7 !
[T i
0,— | —,

(a) strictly increasing in * 2) (b) strictly decreasing in * 2

(c) neither increasing nor decreasing in (0, 1)
ANSWER:

The given function is f(x) = sin x.

S fM(x)=cosx

.1.'r| ﬂ,%l_.CGS v =0, I.J{'L'}“U
(a) Since foreach ~ <~ we have’ ‘777 7.

I-l'l:-:I E\'|
Hence, fis strictly increasing in* 2/
' T kT
X F| —. 1 |cos x <0 ey
. 2 J f { X } <)

(b) Since foreach  * , we have” " .

i
—.

Hence, fis strictly decreasing in* 2

(c) From the results obtained in (a) and (b), it is clear that f is neither increasing nor
decreasing in (0, ).
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Question 4:
Find the intervals in which the function f given by f(x) = 2x2 — 3x is

(a) strictly increasing (b) strictly decreasing
ANSWER:

The given function is f(x) = 2x2 — 3x.



flx)=4x=3

s f(x)=0 _>.‘E=E

f ) {
3 _.'_'L.‘.i i‘f]r
4

Now, the point 4 divides the real line into two disjoint intervals i.e., 4/ and"

I

T
3

B

f -~
A
| =07

In interval * 4)

S(x)=4x-3<0.

[ 3)
—"_'(,I-—

Hence, the given function (f) is strictly decreasing in interval * 4/

3 N
—.-LJ,_I"{I}—4.1‘—3}-{1.
In interval * 4

i3 "
Hence, the given function (f) is strictly increasing in interval \1‘ J .
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Question 5:
Find the intervals in which the function f given by f(x) = 2x® — 3x2 — 36x + 7 is

(a) strictly increasing (b) strictly decreasing
ANSWER:

The given function is f(x) = 2x3 — 3x2 — 36x + 7.

f1(x)=6x" —6x-36=6(x" —x—6)=6(x+2)(x-3)

The points x = -2 and x = 3 divide the real line into three disjoint intervals i.e.,



(—0,-2),(~2,3), and (3,e0).

a ' ', -
2 3
—ol _2 & .:"L'-: - N X, " . . .
In intervals[ ) Sl 2)-f {1} is positive while in interval

(_2, 3)’ Jifl{ 'T}

is negative.
Hence, the given function (f) is strictly increasing in intervals

e D Y
(—0.-2) and (3,%) , While function (f) is strictly decreasing in interval

(-2, 3).
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Question 6:
Find the intervals in which the following functions are strictly increasing or decreasing:
(@) x2+2x -5 (b) 10 - 6x — 2x2
(c)=2x*—-9x2 - 12x+ 1 (d) 6 - 9x - x

() (x+ 1) (x = 3)
ANSWER:

(a) We have,
f(x)=x"+2x-5
LA (x)=2x+2
Now,

Fe)=0 .

Point x = -1 divides the real line into two disjoint intervals i.e., (=0,~1) and (=1, ).



In interval{_'f'_]

~fis strictly decreasing in interval

), f'(x)=2x+2<0.

(—oo,—1).

Thus, fis strictly decreasing for x < -1.

(~L,)

In interval

S(x)=2x+2>0.

= fis strictly increasing in intervaI[_]‘mJ'

Thus, fis strictly increasing for x > —1.

(b) We have,

f(x) =10 - 6x — 2x2

_;‘"{.‘r} =—6-4x

Now,

S(x)=0=x= —;:

-

4 f
~ |
X==—=
The point 2 divides the real line into two disjoint intervals ie.,"
Il" -
2 L3
In interval * / i.e., when 2 f(x)=—6—4x>0f(x)=-6-4x>0.
3
X< —-=
= fis strictly increasing for 2
{ 3 i :;
s X>=—— d r)l=—6—dx <0,
In interval* 2 J i.e., when 2 ,_,r‘ l| 9 asssl
3
x> —-=
-~ fis strictly decreasing for 2

(c) We have,

f(x) = —2x¢ - 9x2 — 12x + 1

3
_'_'J:.‘__

2)



o f1(x)=—6x" —18x—12=—6(x* +3x+2) = —6(x+1)(x+2)
Now,
f(x)=0 =x=-landx=-2

Points x = -1 and x = -2 divide the real line into three disjoint intervals i.e.,
(-,—2).(-2.-1), and (-1,%).

(—20,—2) and (-1,)

In intervals i.e., when x < -2 and x > -1,

f(x)=—-6(x+ I){,1-+_2}::_U.

= fis strictly decreasing for x < -2 and x > —-1.

Y- .
Now, in interval (-2, -1) i.e., when -2 < x < -1, f(x) 6““}{'“'} g U.

-~ fis strictly increasing for —2<x<-1,
(d) We have,

fx)=6-9x—x’

~f(x)=-9-2x
Now, [’

. 9
(x)=0givesx = —'5

i Q0
:—E L-r_'&.‘__

X
The point 2 divides the real line into two disjoint intervals i.e., 2)

f'_m g] 9
= X<== (N 0_9y
In intervalL 2) je. for - S'(x) 2x >0

x<-2
=~ fis strictly increasing for 2
9 A g

| —=, 0

X>== e N__o_
In intervall\ 2 Ji.e.,for 2,3{” 9-2x<0.

and [

9

——
2

b

zl -



x>—-=
=~ fis strictly decreasing for 2,

(e) We have,
fix)=(x+1) (x=3)

F(x)=3(x+1) (x=3) +3(x=3) (x+1)’
—3{v1'+]}:{,1.‘—3}_|[.1-‘—3+:r+|]
=3(x+1) (x=3)"(2x-2)
=6(x+1)" (x=3)"(x=1)

Now,

F(x)=0 = x=-1, 3, 1

The points x = -1, x =1, and x = 3 divide the real line into four disjoint intervals i.e., [_ﬂ'_ )
(=1, 1), (1, 3), and >*).
In intervals[_ﬂ'_”and (-1, 1), £(x)=6(x+1) Rg3) ('T_”ﬂ:ﬂ.

_— o (—o0,—1)
=~ fis strictly decreasing in intervals and (-1, 1).
In intervals (1, 3) and[:"m}, fHx)=6(x+1) (x=3) (x-1)>0 :

. . . d v 4 [3_00}
-~ fis strictly increasing in intervals (1, 3) and .

Page No 205:
Question 7:
y=log(1+x) = , x> =1

Show that 2+x , is an increasing function of x throughout its domain.
ANSWER:

We have,



2x
v=log(1+x)

2+x

Sdydx=11+x—(2+x)(2)-2x(1)(2+x)2=1 1+x—4(2+x)2=x2(1+x)(2+x)2dydx=11+x-(2+x)(2)-
2x(1)(2+x)2=11+x-4(2+x)2=x2(1+x)(2+x)2

Now, dydx=0dydx=0

Sx(1x)2+x)e=0=2x2=0  [(2+X)#0 as x>—1]=2x=0=>x2(1+x)(2+x)2=0=x2=0  [(2+x)#0
as x>-1]=x=0

Since x > -1, point x = 0 divides the domain (-1, «) in two disjoint intervals i.e., -1 < x<0
and x > 0.

When -1 < x < 0, we have:
x<0=x2>0x>—1=(2+x)>0=(2+x2)>0x<0=>x2>0x>-1=(2+x)>0=>(2+x2)>0
& Y =x(1+0)(2+x)2>0y'=x2(1+x) (2+x)2>0

Also, when x> 0:

x>0=>x2>0, (2+x)2>0x>0=>x2>0, (2+x)2>0

& Yy =xe(14x)(2+x)2>0y'=x2(1+x)(2+x)2>0

Hence, function fis increasing throughout this domain.
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Question 8:

= (2T
Find the values of x for which [I{l "]-I is an increasing function.
ANSWER:

We have,

y= [r{ r—!}:lr = [,1:: —2.1::_-

d:‘: ' p_2 N . T Y "
D 7 4 =2(x* - 2x)(2x-2) =4x(x-2)(x-1)
~DR0 = x=0,r=2,x=1.

el

The points x =0, x = 1, and x = 2 divide the real line into four disjoint intervals

e. (—e0,0), (0,1) (1,2),and (2,).



dy

—0,0) and (1,2) E{n

In intervals[

=~ y is strictly decreasing in intervals (_m'

However, in intervals (0, 1) and (2, ), d

= y is strictly increasing in intervals (0, 1) and (2, «).

-+ yis strictly increasing for 0 < x <1 and x > 2.
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Question 9:

Prove thatI is an increasing function of 6 inI
ANSWER:

We have,

P

{2 + L‘Uﬁi‘i‘]



_dy _(2+cos8)(4cosf)—4sinf(-sin ) i
e (2+cos @)’
3 8cos@+4cos” @+ 4sin" 4
B [2+mﬁff}l B
Bcost+4

="

[ 24 cos 3}3

1

MNow, & =),

x
Beosf+4
== =1

(2+cosd)

= 8cos@+4=4+cos’ @ +4dcosd

2

= cos —4dcosd =0
= cost(cosd—-4)=0
=cosf=00r cos?=4

Since cos 6 # 4, cos 6 = 0.

ms‘.ﬁ":lfl::-ﬁ':g

Now,

dy 8cost+4- (4+cos’ @ +4‘3f’5"3‘“) _4dcos@—cos’ @ cosO(4-cosd)

d (2+cos@) (2+cos@)’ (2+cos@)
*3)
In interval 2 , we have cos 6> 0. Also, 4 > cos 6 = 4 - cos 6 >

{1{}59{4 —COS H} = () and also [2 +cos E?]: =)
t:u:-;ﬂ{-’r-—{:-;mﬂ')
= 5
(2+cos6 )'
ey

=—=10
0. @

=1

T
0 _]
Therefore, y is strictly increasing in interval( 2/,



x=0andx=">
Also, the given function is continuous at 2

_U E}
Hence, y is increasing in interval - 2],
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Question 10:

Prove that the logarithmic function is strictly increasing on (0, «).
ANSWER:

The given function is /' x) = log x.

_m.\-}-g

f"{.x‘}zl}t}_

ltis clear that for x> 0, - X

Hence, f(x) = log x is strictly increasing in interval (0, «).
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Question 11:

Prove that the function f given by f(x) = x2 — x + 1 is neither strictly increasing nor strictly
decreasing on (-1, 1).

ANSWER:
The given function is f(x) = x2 — x + 1.
s (x)=2x-1

Now, f'(x)=0=>x=

bl | =



_| I.I'

—1
The point 2 divides the interval (-1, 1) into two disjoint intervals i.e.,L

| -1,
Now, in interval *

f(x)=2x-1<0.

b | =—

s

i | 1"
Therefore, fis strictly decreasing in interval 2/,
(L1, 1)./7(x)=2x-1>0.
However, in interval* 2/

!

.|

bd | —

A

i
Therefore, fis strictly increasing in intervalL
Hence, fis neither strictly increasing nor decreasing in interval (-1, 1).
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Question 12:

f ),

7

[

0
Which of the following functions are strictly decreasing onL

(A) cos x (B) cos 2x (C) cos 3x (D) tan x

ANSWER:
(A) Let Ji(x)=rcosx.
s H(x)=—sinx
( U.% J(x)=—sinx<0.
In interval <~
i T
" fi(x)=cosx & 2

is strictly decreasing in interval *

(B) Let f3(x)=cos2x.

l] [l )
and | —, 1.
2, A,



- fi(x)=-2sin2x

Mow, 0 <x -::EZHJ-:2x-::1n:=>sin2x::-0:‘>—25in2x <

. _ (o
o fi(x)=-2sin2x<0on| 0,=
\ 2
I.l' Y
0,
is strictly decreasing in interval *

| A

. fh(x)=cos2x

-

(C) Let /3 (¥) = cos3x.

- i (x)=-3sin3x

MNow, £ x)=0.

= snsx=0=3xr=m,as xE[D,g]

T
= r=—=
3

f
0,

T
X=—
The point 3 divides the interval *

ta | =

Jinto two disjoint intervals

/ i N

0, EJ and Li
ie 0% 3

k3| =
T,

HNow, in interval [D,g],fyx I=—3sn 3x <0 {as 0= x-::g =0 <3z -::*n::|.

B ;T T
fais strictlv decreasing in interval [D, g]

£
However, in interval (g g],ﬁlxuz—%in}r}ﬂ |:as g-::x -:g=>n <3x -::?TE:|



) R
3.

k| =

- f, is strictly increasing in interval * /.
Ilr Ny
0,
Hence, f, is neither increasing nor decreasing in interval *

2| =

(D) Let fi(x)=tanux.

oA (x) =sec’ x

A .
0, = | fi(x)=sec’ x>0
. H’ :
Ininterval* </
I'f Y
0,
- f, is strictly increasing in interval *

k| =

-

i

Therefore, functions cos x and cos 2x are strictly decreasing in *
Hence, the correct answers are A and B.

Page No 206:

Question 13:

On which of the following intervals is the function f given by -
decreasing?

M ]
—, I
@ " Ve 2

|

}(D) None of these
ANSWER:

We have,

Sx)=x""+sinx—1

&

0,

f(x)=x""+sinx—1

Y
i
2)

strictly



= (X)) =100x™ +cos x

In interVa|[U- 1), cosx >0 and 100x™ >0,

s f(x)=0.

Thus, function fis strictly increasing in interval (0, 1).

| =

/ )
L R J.cns v<0and 100x™ =0. Also. 100 x™ >cos x
In interval

S (x)=0in

T k1
L
2 r

L]

(
Ry

Thus, function fis strictly increasing in interval * 2

In interval | 0. % |.cos x>0 and 100x” > 0.

S100x +cosxy =0

i
= f"(x)>=00on |0,

II-\.

k3| =

e,

i
0

n'\
= fis strictly increasing in intervall'\ 2/

Hence, function fis strictly decreasing in none of the intervals.

The correct answer is D.
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Question 14:

Find the least value of a such that the function f given °
on [1, 2].

ANSWER:

We have,

fx)=x"+ax+1

is strictly increasing



f(x)=x"+ax+1
sl x)=2x+a

Now, function fis increasing on [1,2].

~ (x)>0 on [1,2]Now, we have 1<x<2=2>2L2x4=>2ta2xtag4+a=2+aI(X) <4+
aSince f'(x)>0=2+a>0=a>—2So, least value of a is —2.-. f'x20 on 1,2Now, we have 1<x
<2=2L2x4=>2+a2x+rag4+a=2+agf'x<4+aSince f'x20=>2+a=20=a=-

2S0, least value of ais -2.
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Question 15:
Let I be any interval disjoint from (-1, 1). Prove that the function f given by

1

f(x)=x4
A is strictly increasing on I.
ANSWER:
We have,
g I
flx)=x+—
X
s f(x) l—l,
J o
MNow,
.f"{.r}—ﬂ:%—l ===l

X

The points x = 1 and x = —1 divide the real line in three disjoint intervals

e, (Z@=1):(=1 1).and (1, )

In interval (-1, 1), it is observed that:



1.1y =1nt
- fis strictly decreasing on (=1, 1) =10} _

(—o0,—1) and (1, o

In intervals } , it is observed that:

x<=lorl<x

== =1
_:-1:3Lw
X
|
::-1——?:-{11

X

s f(x)=1 J;hﬂnn{ 0,~1) and(1, o).
x

= fis strictly increasing on (=0, T)and(1. =:-:]|.

Hence, function fis strictly increasing in interval I disjoint from (-1, 1).

Hence, the given result is proved.
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Question 16:

(o
°3)
Prove that the function f given by f(x) = log sin x is strictly increasing on </ and strictly

(1 J
=z |
decreasing on * 2
ANSWER:



We have,

f(x)=logsinx

: 1
: _f'{x =——cosx=cotx
5mMm.x

||" R
0,
In interval

2| =

LJ(x)=cotx >0,

s

I'r Y
0.3)
~. fis strictly increasing in * i

k2| 2

i b
I | f(x)=cotx <0,

In interval " 2

{1 J
- |
~fis strictly decreasing in" 2
Page No 206:

Question 17:

."U 1)
Prove that the function f given by f(x) = log cos x is strictly decreasing on * 2/ and
{1 }
_,T-[
strictly increasing on * 2
ANSWER:
We have,

f(x)=logcos x

s f(x)= (=sinx)=-tanx
COS X

[ =

(0, —]‘ tanx >0 = —tanx < 0.

]

In interval *



~fis strictly decreasing on*
‘1 %
—, | tanx <0 = —tanx = 0.
i L 2 J
In interval
Y

i
: o
S x)=0on | =, n

K
Ly 1]
~fis strictly increasing on* 2 .
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Question 18:

Prove that the function given by f(x)=x"=3x"+3x-100

ANSWER:

is increasing in R.

We have,
f(x)=x"=3x"+3x-100

S(x)=3x"-6x+3
=3(x* —2x+1)
=3(x-1)

For any xeR, (x - 1)2> 0.
Thus, S(x) is always positive in R.

Hence, the given function (f) is increasing in R.
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Question 19:

The interval in which ¥ =% ¢ is increasing is

(=) g 122 o1 () (2%)
(A) (B) (-2,0) (C) (D) (0, 2)
ANSWER:
We have,
y=x'e"’
% =2xe " —x'e" =xe *(2-x)

?l' 1
.“\lnﬂnf'n.',i =0,
dx
= x=0andx=2

The points x = 0 and x = 2 divide the real line into three disjoint intervals i.e.,
(-, 0), (0, 2),and (2, =).

(-0, 0)and(2, =), f'(x)<0ase™

In intervals is always positive.

—e ) 2
~fis decreasing on[ 0, 0)and jgy )8

In interval (O, 2),"”'1-} 7 &

= fis strictly increasing on (0, 2).
Hence, fis strictly increasing in interval (0, 2).

The correct answer is D.
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Question 1:



Find the slope of the tangent to the curve y = 3x* — 4x at x = 4.
ANSWER:

The given curve is y = 3x* — 4x.

Then, the slope of the tangent to the given curve at x = 4 is given by,

£i| =|2,\—4] :|2{4}q—4212[64)—4:?64‘
dv |, o=
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Question 2:

x-1
V=

Find the slope of the tangent to the curve . *—2 | x #2 at x = 10.

ANSWER:

x=1
2

y =
The given curve is X =

Ly _(x=2)(1)=(x-1)(1)
cx {_\-_1}-'

Thus, the slope of the tangent at x = 10 is given by,

‘iw __ ! I S|
de g (x=2F ] . (10-2)° 64

=1

Hence, the slope of the tangent at x = 10 is 64
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Question 3:

Find the slope of the tangent to curve y = x3 — x + 1 at the point whose x-coordinate is 2.



ANSWER:

3
The given curve is ¥ =% ~*+1

LAy

= =3x" -1
el

dy

i |,
The slope of the tangent to a curve at (xo, yo) is X ) .

It is given that x, = 2.

Hence, the slope of the tangent at the point where the x-coordinate is 2 is given by,

Cfl'l' 1 2
— =3x" -1 =3{2) -1=12-1=11
{.ﬂi'—‘\.: -I : l[ ]I
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Question 4:

Find the slope of the tangent to the curve y = x3 — 3x + 2 at the point whose x-coordinate is
3.

ANSWER:

, y=x =3x+2
The given curve is ¥ =% —3¥+2
ey 3
So=—=3x -3
ol
dv

i |,
The slope of the tangent to a curve at (xo, yo) is X ) .

Hence, the slope of the tangent at the point where the x-coordinate is 3 is given by,

j‘ﬂ =3x"-3|  =3(3)'-3=27-3=24
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Question 5:

g =

Find the slope of the normal to the curve x = acos?6, y = asin:6 at
ANSWER:
It is given that x = acos®*0 and y = asin?6.

dr ) . - TP
;. —=3acos” #(-sinf) =-3acos’ Jsind

il
Y _ 3gsin’ A (cosd)
i

(dy

dv | de ,.J 3asin® #cosd sinf
So—= == —_— =—tan

dx [ dv | —3acos #sind cos ¢/

d6)
="
Therefore, the slope of the tangent at 4 s given by,
-I'l 5
T = _tan B], = = “tan X =]
dx |, = " 4
1
= " 1s given by,
Hence, the slope of the normal at
] = _—I = |
slope of the tangent at & = S|
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Question 6:

Find the slope of the normal to the curve x =1 - a sin 6, y = b cos20 at
ANSWER:

Itis given that x =1 - asin 8and y = b cos26.

s



£= —agcosé and ﬂ = ?I}::crsfi'{—sinﬁ} =-2hsin&cos

di i
[/ dy |
dv | dB,) -2hsinfBcosf 2b .
== o= =—sinfd
dx i | —acos@ i
i (I'rfl;i &

1!
f==
Therefore, the slope of the tangent at 2 s given by,

d_‘}?:| =%Siﬂ5‘:| :%ginﬁz%
adx |, @ 2 a

f= T is given by,
Hence, the slope of the normal at

] ] ¢l

[ 2k 7
slope of the tangent at 6 = : | 2 | 2

oo )
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Question 7:

Find points at which the tangent to the curve y = x3 — 3x2 — 9x + 7 is parallel to the x-axis.
ANSWER:

3 2 -
The equation of the given curve is? =% —3% —9x+7.

Now, the tangent is parallel to the x-axis if the slope of the tangent is zero.

30—y —9=0= " —2x-3=0
=(x=-3)(x+1)=0

= yr=3orx=-1

When x=3,y=3)Pr-3(3r-9(3)+7=27-27-27+7=-20.



When x=-1,y=(-1-3(-12-9(-1)+7=-1-3+9+7=12.
Hence, the points at which the tangent is parallel to the x-axis are (3, -20) and
(-1,12).
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Question 8:

Find a point on the curve y = (x — 2)2 at which the tangent is parallel to the chord joining the
points (2, 0) and (4, 4).

ANSWER:

If a tangent is parallel to the chord joining the points (2, 0) and (4, 4), then the slope of the
tangent = the slope of the chord.

=2,

4-0 4
The slope of the chord is 4-2 2

Now, the slope of the tangent to the given curve at a point (x, y) is given by,

dy r
—=2(x-2

d l :I
Since the slope of the tangent = slope of the chord, we have:

2(x-2)=2

= y—2=l=x=3

Whenx=3, y=(3-2) =1.

Hence, the required point is (3, 1).
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Question 9:

Find the point on the curve y = x¢ — 11x + 5 at which the tangentis y = x — 11.



ANSWER:
The equation of the given curve is y = x3 — 11x + 5.

The equation of the tangent to the given curve is given as y = x — 11 (which is of the
form y=mx + c).

~Slope of the tangent = 1

v

—=3x =11
Now, the slope of the tangent to the given curve at the point (x, ) is given by, €

Then, we have:

3x*-11=1
—3x" =12
=x =4
= x =142

Whenx=2,y=(2pr-11(2)+5=8-22+5=-9.

When x=-2,y=(-2-11(-2)+5=-8+22+5=19.

Hence, the required points are (2, -9) and (-2, 19).

But, both these points should satisfy the equation of the tangent as there would be point of

contact between tangent and the curve.
~ (2, -9) is the required point as (-2, 19) is not satisfying the given equation of tangent.
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Question 10:

ey

1
yp=— x|
Find the equation of all lines having slope -1 that are tangents to the curve v—1

ANSWER:

p=——om7: x=1

The equation of the given curve is ¥~

The slope of the tangents to the given curve at any point (x, y) is given by,



dy -l
ds (x-1)

If the slope of the tangent is —1, then we have:

==1

(x-1)

= (x—1) =1
= x—]1=4l
—x=20

When x=0,y=-1andwhen x=2, y=1.

Thus, there are two tangents to the given curve having slope —1. These are passing through
the points (0, -1) and (2, 1).

~The equation of the tangent through (0, —1) is given by,

y—(-1)=-1(x-0)
= y+1l=—x
= yv+x+1=10)

~The equation of the tangent through (2, 1) is given by,

y-1=-1(x-2)

>y-1=-x+2

=>y+x-3=0

Hence, the equations of the required linesare y+ x+1=0andy+x—-3=0.
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Question 11:

Find the equation of all lines having slope 2 which are tangents to the curve

ANSWER:



The equation of the given curve is X3 1
The slope of the tangent to the given curve at any point (x, y) is given by,

ﬂ 3 1
d {.1‘—3]:

If the slope of the tangent is 2, then we have:

This 1s not possible since the L.H.5. 15 positive while the E.H.5. i1s negative.

Hence, there is no tangent to the given curve having slope 2.
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Question 12:

Find the equations of all lines having slope 0 which are tangent to the curve '

ANSWER:

1
=

The equation of the given curve is ¥ —2¥+3
The slope of the tangent to the given curve at any point (x, y) is given by,
dy o —(2x-2)  -2(x-1)

dx [.1'3 = 2.1'+3]|: ) I[.‘rj —2x+ 3:}:

If the slope of the tangent is 0, then we have:

1

X’ -2x+3



"

I
[ 1,

|
~The equation of the tangent through'“ 2

/'is given by,

1
p=—=0{x-1
y-2=0(x-1)

= y-—=0

rJ .—M|'—‘

= y=

.-II'.I =
Hence, the equation of the required line is

| —
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Question 13:

2 b
oy

Find points on the curve ¥ 16 at which the tangents are

(i) parallel to x-axis (ii) parallel to y-axis
ANSWER:

The equation of the given curveis ¥ 16

On differentiating both sides with respect to x, we have:



2x 2y dv

2,2 %9

9 16 dv

dv —lbx
= ——=
dx 9y
—lb6x 0,
(i) The tangent is parallel to the x-axis if the slope of the tangentisi.e., 0 9y which is

possible if x = 0.

Then, -"3 16 forx=0

=y’ =16=y=14

Hence, the points at which the tangents are parallel to the x-axis are

(0, 4) and (0, — 4).

(ii) The tangent is parallel to the y-axis if the slope of the normal is 0, which gives
-1 9y 0

[—m.r“ T 16x
)

A,

Hence, the points at which the tangents are parallel to the y-axis are
(3,0)and (- 3, 0).
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Question 14:
Find the equations of the tangent and normal to the given curves at the indicated points:
(()y=x*—-6x+13x2 - 10x + 5 at (0, 5)

(i) y = xt - 6x + 13x - 10x + 5 at (1, 3)



(i) y = x at (1, 1)

(iv) y=xzat (0, 0)

==

(vyx=cost y=sintat 4
ANSWER:

(i) The equation of the curve is y = x* — 6x3 + 13x2 — 10x + 5.

On differentiating with respect to x, we get:

B e _18x* +26x-10
dx

1o

o

A+ djo, 5)
Thus, the slope of the tangent at (0, 5) is —10. The equation of the tangent is given as:
y=-5=-10(x - 0)

=>y-5=-10x

=>10x+y=95

=1 1

The slope of the normal at (0, 5) is Slope of the tangent at (0, 5) 10

Therefore, the equation of the normal at (0, 5) is given as:

R
—§=—(x—0
s T,

= 10y-30=ux
= x—10y+50=0

(ii) The equation of the curve is y = x* — 6x3 + 13x2 = 10x + 5.

On differentiating with respect to x, we get:



£ =4x —18x" +26x—10
ax
D1 4-18+26-10=2
dx | 5

Thus, the slope of the tangent at (1, 3) is 2. The equation of the tangent is given as:

y=-3=2(x-1)
= y-3=2x-2
= y=2x+1

= =

The slope of the normal at (1, 3) is Slope of the tangent at (1, 3) 2

Therefore, the equation of the normal at (1, 3) is given as:

l
y—3= —E{x— I]
= 2y—6=-x+1]
= x+2y-7=10
(iii) The equation of the curve is y = x3.

On differentiating with respect to x, we get:

dy _
T
dy

dx |, 4

3x°

Thus, the slope of the tangent at (1, 1) is 3 and the equation of the tangent is given as:

y=1=3(x- I}
= p=3x-2

-1 -1

The slope of the normal at (1, 1) is Slope of the tangentat (1, 1) 3

Therefore, the equation of the normal at (1, 1) is given as:



_1'—|—_?|{.-;—l}

= 3y-3=—x+I
= x+3y-4=0
(iv) The equation of the curve is y = x2.

On differentiating with respect to x, we get:

dy
=
dy

d {0, )

2x

=0

Thus, the slope of the tangent at (0, 0) is 0 and the equation of the tangent is given as:
y-0=0(x-0)
=>y=0

—1 1

The slope of the normal at (0, 0) is S1epe of the tangent at (0,0) 0 "\yhich is not defined.

Therefore, the equation of the normal at (x,, y») = (0, 0) is given by

(v) The equation of the curve is x = cos t, y = sin t.

x=cosf and v =sin#
dx . dy
So=—==35Inf, = =C0s/
drt dt

fzf{rw
_Q_Ln’n _ cost

Cdx ﬂ[‘{'\'| sin ¢
L dt

=-—Ccot!

dy

=—cott=-—1
dx |



T 1 |
i=—,x=— andll =—=
When 4 V2 V2
f1
f—— Le,at|| —=
Thus, the equation of the tangent to the given curve at W2
v | II ¥ ! \I|
) \-'IE x- \'I'_ I
1
= X+ 1-—— - =0
N
= x+y-2=0
i ] = |
t == Slope of the tangent at r = ;T
The slope of the normal at 4is 4
i
F—— L.e.,at
Therefore, the equation of the normal to the given curve at ;
oL 1|-"1 1
2 U 2
— xX=)
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Question 15:

Find the equation of the tangent line to the curve y = x2 — 2x + 7 which is
(a) parallel to the line 2x -y +9=0

(b) perpendicular to the line 5y — 15x = 13.
ANSWER:

The equation of the given curve is ¥ =% ~2¥+7



On differentiating with respect to x, we get:

dx

2x=2

(a) The equation of the lineis 2x -y + 9 =0.
2x-y+9=0=>y=2x+9

This is of the form y = mx + c.

~Slope of the line = 2

If a tangent is parallel to the line 2x — y + 9 = 0, then the slope of the tangent is equal to the
slope of the line.

Therefore, we have:

2=2x-2

(]

—=2x=4
= x=2
Now, x = 2
—y=4-4+7=7

Thus, the equation of the tangent passing through (2, 7) is given by,

Hence, the equation of the tangent line to the given curve (which is parallel to line 2x — y + 9
— 0) iS.l'— 2.[’—3 =1 i

(b) The equation of the line is 5y — 15x = 13.

13

1':3_\:' T

5y-15x=13=>
This is of the form y = mx + c.

~Slope of the line = 3



If o *"“"“:; ie "M"M_"]"‘ular to the line 5y — 15x = 13, then the slope of the tangent

slope of the line 3

= dyxy=—4+2
3
= 2x :%
A
5
=X =—
6
MNow,x ==
25 10 25-60+252 217
= y=———"+7= =
36 6 36 36
(5 EJ
Thus, the equation of the tangent passing throughk 6 36 Jig given by,

-1
~ (6x—5
36 1583
=536y -217 = -2(6x-5)
= 36y-217=-12x+10

= 36y +12x-227=0

Hence, the equation of the tangent line to the given curve (which is perpendicular to line
5y - 15x = 13) jg 0V +12x=227=0
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Question 16:

Show that the tangents to the curve y = 7x¢ + 11 at the points where x = 2 and x = -2 are
parallel.

ANSWER:

The equation of the given curve is y = 7x3 + 11.



= =21x"

lx

dy

a[
The slope of the tangent to a curve at (x,, y») is “
Therefore, the slope of the tangent at the point where x = 2 is given by,

dv \ 2
— =21(2) =84
dr |, (2)
It is observed that the slopes of the tangents at the points where x = 2 and x = -2 are equal.

Hence, the two tangents are parallel.
Page No 212:

Question 17:

Find the points on the curve y = x3 at which the slope of the tangent is equal to the y-
coordinate of the point.

ANSWER:
The equation of the given curve is y = x3.

i =3x°
dx

The slope of the tangent at the point (x, y) is given by,

dy

dve |

=3x

When the slope of the tangent is equal to the y-coordinate of the point, then y = 3x=.

Also, we have y = xa.



When x = 0, then y = 0 and when x = 3, then y = 3(3)2 = 27.
Hence, the required points are (0, 0) and (3, 27).
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Question 18:

For the curve y = 4x3 - 2x, find all the points at which the tangents passes through the
origin.

ANSWER:
The equation of the given curve is y = 4x3 — 2xs.

P AT
dx
Therefore, the slope of the tangent at a point (x, y) is 12x2 = 10x.

The equation of the tangent at (x, y) is given by,
Y —y={12x*-10x" ) (X - x) (1)

When the tangent passes through the origin (0, 0), then X =Y =0.

Therefore, equation (1) reduces to:

—y=(12x" -10x" ]{—.1.'}
y=12x"-10x°

_ 3 5
Also, we have ¥ =4x —2x.

S12x° —10x7 =457 - 247
=8x" -8x’ =0

=x —x' =0
— .1."1“(.1"" —]}:ﬂ
= xy=0, 1

Whenx=0,y=4[ﬂ} ~2(0)" =0.



Whenx=1,y=4(1p-2(1)=2.

Whenx=-1,y=4 (-1 -2 (-1)yp =-2.

Hence, the required points are (0, 0), (1, 2), and (-1, —2).
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Question 19:

Find the points on the curve x2 + y2 — 2x — 3 = 0 at which the tangents are parallel to the x-
axis.

ANSWER:
The equation of the given curve is x2 + y2 — 2x - 3 = 0.

On differentiating with respect to x, we have:

2x +2.1'£—2= (0
iy
dy
== p—=]=x
Ty

dy l-x

f7i% y

Now, the tangents are parallel to the x-axis if the slope of the tangent is 0.

X s l—x=0=x=]

¥

But, 2+ y2-2x-3=0forx=1.

= y=4=F" *2

Hence, the points at which the tangents are parallel to the x-axis are (1, 2) and (1, —-2).
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Question 20:

Find the equation of the normal at the point (am?, am?) for the curve ay? = x2.
ANSWER:



The equation of the given curve is ay? = x:.

On differentiating with respect to x, we have:

2ay ﬂ =3x
dx

dy  3x°

de  2ay

dy

|
The slope of a tangent to the curve at (x,, y») is gl DR )

= The slope of the tangent to the given curve at (am?, am?) is

dv 3 |[ am } Jam®  3m

= 3 ]
| Qu{.:m?} 2am 2

amr” |

Il'I.IT |:.|-|."'.

1 2

- Slope of normal at (am, any) = slope of the tangent at {cmr L am ) 3m

Hence, the equation of the normal at (am?, am?) is given by,

y- am =E(I {J'HJ':}

4 2
= 3my—3am =-2x+2am

= 2x+ 3my EHJ'I:{Z | 311:3]: 0
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Question 21:

Find the equation of the normals to the curve y = x® + 2x + 6 which are parallel to the
line x + 14y + 4 = 0.

ANSWER:



The equation of the given curve is y = x3 + 2x + 6.
The slope of the tangent to the given curve at any point (x, y) is given by,

dx

=3x +2

= Slope of the normal to the given curve at any point (x, y) =

-1
Slope of the tangent at the point (x, )
=1

Ix 42

The equation of the given lineis x + 14y + 4 = 0.

X+14y+4=0= 14" 14 (which is of the form y = mx + ¢)
=1
~Slope of the given line = 14

If the normal is parallel to the line, then we must have the slope of the normal being equal to
the slope of the line.

-1 __1

3 +2 14
=3’ +2=14
= 3x’ =12
=y =4
= x=12

Whenx=2,y=8+4+6=18.

When x=-2,y=-8-4+6=-6.

Therefore, there are two normals to the given curve with slopel!’ and passing through the
points (2, 18) and (-2, —6).

Thus, the equation of the normal through (2, 18) is given by,



And, the equation of the normal through (-2, -6) is given by,

= y+6 :E{x+ 2)

= 14y +84=—x—2

= x+14y+86=0

Hence, the equations of the normals to the given curve (which are parallel to the given line)

are XH14y—-254=0 and x +14y+86=10.
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Question 22:

Find the equations of the tangent and normal to the parabola y2 = 4ax at the point (a2, 2at).
ANSWER:

The equation of the given parabola is y2 = 4ax.

On differentiating y? = 4ax with respect to x, we have:

2 ﬂ =4
=} dr (e

dv  2a
= —="

dar oy

2, 2ar) . dx |- 2at 1
~The slope of the tangent at(” ¢ }Iis [at*, 2a)
, (ur". 2c:.r}|_ _

Then, the equation of the tangent at is given by,



1 .L
~(x-ar*)
y—2at="

=ty—2at’ =x—at’

= iy=x+ at”

(ur'1. Zm']l

Now, the slope of the normal at is given by,

-1

— = —f
Slope of the tangent at {u::im)

Thus, the equation of the normal at (af2, 2at) is given as:

y=2at = .l'(.'-.' m:}
= y—2at =—tx+at’

= y=—fx+2at +at’
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Question 23:

Prove that the curves x = y2 and xy = k cut at right angles if 8k2 = 1. [Hint: Two curves
intersect at right angle if the tangents to the curves at the point of intersection are
perpendicular to each other.]

ANSWER:

The equations of the given curves are given as™ =¥~ andxy=£.

Putting x = y2in xy = k, we get:

¥V =k=y=k?

. —

Iy I
ki, k }
Thus, the point of intersection of the given curves is* .

Differentiating x = y2 with respect to x, we have:



(2 1 i} 1
»’f".k-‘] dx |*H '
is - /

Therefore, the slope of the tangent to the curve x = y2at*

On differentiating xy = k with respect to x, we have:

i

|
k¥, k 1
~. Slope of the tangent to the curve xy = kat" is given by,

ﬂ} _1} __k_-
dx Py X |+-c| _: I,

We know that two curves intersect at right angles if the tangents to the curves at the point of
f2 1
ke, k-‘]
intersection i.e., at" are perpendicular to each other.

This implies that we should have the product of the tangents as - 1.

Thus, the given two curves cut at right angles if the product of the slopes of their respective

(2
K, w]
tangents at " is —1.

(1 )=
e, — |=-1

ll\zki /|.\ I{f.!
2% =1

(oY
=| 2k | =(1)
=8k’ =1

Hence, the given two curves cut at right angels if 8kz = 1.



Page No 213:

Question 24:

il 7

Y

Find the equations of the tangent and normal to the hyperbola a b at the point

{'Ti:n Ya }
ANSWER:

4

Xy 1

Differentiating a b with respect to x, we have:

2x 2ydy 0

a’ b odx
2vdvy 2x

— o —

b de @

ﬂ} _ by,
[E |

Xy Vo). dv

Therefore, the slope of the tangent at{' is

Then, the equation of the tangent atli'Tm ) is given by,

b'x,

at v

(x=x,)

-]I - -.lll.I =

=a'yy,—ay, =bax,-bx;

= bxx, — gty —Bxl +a’yi =0

= L —h—(l—;—i =) [(}n dividing both sides by u:.":"]
s ht \a” b
o W, . ¥ty
= -t —]=0 (x,.3, ) lies on the hyperbola — —'L—, =
g b o b
XX, W,
__;-' _% =1
o h
(X5 Vo).
Now, the slope of the normal at is given by,



b
-1 —a’y,

Slope of the tangent at (x,, v,)  b’x,

(X,- ¥4)

Hence, the equation of the normal at is given by,

—CF:_T,, -
V=, = E (x—x,
X,
_ 2=y _—(x=%)
a vy Jr-"_I-Yl:-
— _1'_ 1|] ['T_'Tli'} {'J
@y, by,
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Question 25:

Find the equation of the tangent to the curve » = V3% ~2

2y+5=0.
ANSWER:

which is parallel to the line 4x -

=+3x—-2.

The equation of the given curve is*

The slope of the tangent to the given curve at any point (x, y) is given by,

ﬂ B 3
dr 2J3x-=-2

The equation of the given line is 4x — 2y + 5 = 0.

r'|_1:2_'[ 'l
4x-2y+5=0=>

3| Ln

(which is of the form ¥ = ¥ +¢)

~Slope of the line = 2

Now, the tangent to the given curve is parallel to the line 4x — 2y — 5 = 0 if the slope of the
tangent is equal to the slope of the line.



. 41 41 (41 [41-32 [90 3
When ¥y = — L= 13— -2 = [ 2 iy B [ — = Je =,
enx=-—ar ) \/’[ ] V16 (T3 \(m 4

fﬂ 3

~Equation of the tangent passing through the point \15 ¢ ] is given by,

3 ( 41]
y——=2| x——
4 T\ 48

4 48
48y —41

~ dyv-3 =2[43.T—4|]

—4y-3=

= 24y —18=48x—4]
= 48y —24y =23

Hence, the equation of the required tangent is 48x—24y = 23.
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Question 26:
The slope of the normal to the curve y = 2x2+ 3sin xatx=0is

I 1

(A)3(B) 3 (C)-3(D) ?
ANSWER:



The equation of the given curve is ¥ = 2% *3sinx

Slope of the tangent to the given curve at x = 0 is given by,

dy

=4x+3cosx]  =0+3cos0=3
ur.r . r=i)

Hence, the slope of the normal to the given curve at x =0 is

-1 -1
Slope of the tangent at x=0 3

The correct answer is D.
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Question 27:

The line y = x + 1 is a tangent to the curve y2 = 4x at the point

(A)(1,2)(B)(2,1)(C) (1, -2) (D) (-1, 2)
ANSWER:

2

The equation of the given curve is? = 4%

Differentiating with respect to x, we have:

Therefore, the slope of the tangent to the given curve at any point (x, y) is given by,

dy 2
-.1.1

dly
The given line is y = x + 1 (which is of the form y = mx + ¢)
=~ Slope of the line = 1

The line y = x + 1 is a tangent to the given curve if the slope of the line is equal to the slope
of the tangent. Also, the line must intersect the curve.



Thus, we must have:

=1

= | b2

U

rl.I: 2

Now,y=x+l=x=y-1=x=2-1=1
Hence, the line y = x + 1 is a tangent to the given curve at the point (1, 2).

The correct answer is A.
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Question 1:

1. Using differentials, find the approximate value of each of the following up to 3 places of
decimal

(i) ""Im(ii) V49.5 (i) Joe

(0.009)5 , . (0.999)0 iy ( 5):

(iv) (v)

(255)s

(vii) (26 i () (B2)8

401): () (0:0037)2 o (26.57);

o) 4O ()

iy B15) (i) (3.968)2
ANSWER:

o) (3215)°

-

(i) 4253

Consider ~ Vx . Let x =25 and Ax =0.3.

Then,



—Jx+Aar—Jx=V253-J25=253-5

=253 = Ay +5

Now, dy is approximately equal to Ay and is given by,

dy —| [y 1

\dx

2;,1__ (0.3) [as;-‘ = J:u_'-|

== r{rﬂ] 0.03

—
Hence, the approximate value of ¥ 25.3i50.03 + 5= 5.03.

iy V93

Consider! = Vx .Let x=49 and Ax = 0.5.

Then,

—r+Ac—x =195 - 49 = J49.5 7

= 49,5 =7+ Ay

Now, dy is approximately equal to Ay and is given by,
PR

nfr—| ﬁjju =
'KJ'.!"."C

- 755 (09)=

—(0.5) [as_r— \.I'T}

2ax
1

(05)=0.035

Hence, the approximate value of V49.3 js 7 + 0.035 = 7.035.
(iii) V0.6

Consider” =x .Letx=1and Ax=-0.4.

Then,



é._v:u'x+£~_r—u'"._':\f{ﬁ—l

= 0.6 =1+ Ay

Now, dy is approximately equal to Ay and is given by,

dy Kﬁ]iu— l, (Ax) [asy JT}

\ dx 24x
1

-

i

(—0.4)=-0.2

Hence, the approximate value of V0.6 is 1 + (-0.2)=1-0.2=0.8.

(v (0:009)

Consider” =*" . Let x = 0.008 and Ax = 0.001.

Then,

Ay = (x +Ax)s — ()5 =(0.009): ~(0.008): =(0.009): ~0.2

|
= (0.009)7 = 0.2+ Ay

Now, dy is approximately equal to Ay and is given by,

PR A I I
dy = ﬂ Ax = ! —(Ax) as y = x?

A j‘[lﬁ L

= : ([’]_ﬂ{"ll] = 0.001 =0.008
3x0.04 0.12
|
Hence, the approximate value ofw'mg}] is 0.2 + 0.008 = 0.208.
|

) (0.999 )

Consider'v - {'T}m . Let x=1 and Ax =-0.001.

Then,



Now, dy is approximately equal to Ay and is given by,

i'ﬁ’=[%]ﬂx= : - (Ax) [as_,,:{x]ﬂ

10(x)i

= L (~0.001)=-0.0001
10

Hence, the approximate value of *?9)" s 1 + (~0.0001) = 0.9999.
|
iy (13
|

Consider? =*" _Let x= 16 and Ax = —1.

Then,

Ay =(x+ Ax)t — x4 = (15)+ (16)¢ =(15)+ -2

|
= (15)+ =2+ Ay

Now, dy is approximately equal to Ay and is given by,

|~"| I
c@.-:(% m:%[m] {as,v:x*]

V4

= '_1 “L _Z1 po03125
4(16)1

T 4x8 32

Hence, the approximate value of“j}J is 2 +(-0.03125) = 1.96875.

(viiy (260



Consider” (x) . Let x =27 and Ax = —-1.

Then,

Now, dy is approximately equal to Ay and is given by,

y

cly :L%Jm: 3[1}% (Ax) [as_v :{x)l;}

B (-1)=—==-0.0370

. 3{2?}-‘f

6 )
Hence, the approximate value of{"ﬁ}1 is 3 +(—0.0370) = 2.9629.

iy (233)°

1

Consider” =)' Let x = 256 and Ax = -1.

Then,

1

Ay = (x+ Av)s - (x)i =(255)1 = (256)1 =(255)+ —4

= (255)4 =4+ Ay

Now, dy is approximately equal to Ay and is given by,
o :
c{:q-‘=[£_ i'n':%{ﬂu:] {HSJ*‘=I+]
sy

: — = —0.0039
4w d




i
Hence, the approximate value of{"jj}4 is 4 + (—0.0039) = 3.9961.

(ix) (82)

Consider” =*" . Let x=81and Ax = 1.

Then,

Now, dy is approximately equal to Ay and is given by,

|~"| I
c@.-:(% ﬂw=%{i‘u‘] {as,v:x*]
LX) 4(x)
- m=—Lt =L 0000
4(81)s 4{3] 108

|
Hence, the approximate value of (52) is 3 + 0.009 = 3.009.

) (401)°

Consider” =*" et x = 400 and Ax = 1.

Then,

Ay = Jx+Ax —/x =+/401 - V400 = V401 -20
= 401 =20+ Ay

Now, dy is approximately equal to Ay and is given by,



Hence, the approximate value of V40lis 20 + 0.025 = 20.025.

(xi) (0.0037)2

Consider? =" . Let x = 0.0036 and Ax = 0.0001.

Then,

a

Now, dy is approximately equal to Ay and is given by,

fy 1
ety = [( ]ﬂu_ Ax lasyzx-]
J_{ )
- (0.0001)
2%0.06
_ 00001 _ , ho0s3
2
]

Thus, the approximate value of 0037) < 6 06 + 0.00083 = 0.06083.
(xii) (26. 5?

e | —

Consider? =% . Let x = 27 and Ax = -0.43.

Then,



! [ | 1

Ay=(x+Ax)s —x° =(26.57) —(27): =(26.57): -3

|
=(26.57p =3+ Ay
Now, dy is approximately equal to Ay and is given by,

[ I
dy = ﬂ Ax= I ,[x“w] asy=x?

\ dx ) 3':.,,',];
1 -
=55 °%)

043

=—0.015

26.57).
Hence, the approximate value ofII ! is 3+ (-0.015) = 2.984.

iy (81-5)¢

Consider” =*" . Let x= 81 and Ax = 0.5.

Then,

Ay =(x + Ax) - (x)7 = (81.5)7 =(81)3 =(81.5)i -

Now, dy is approximately equal to Ay and is given by,

|
|"Ilrl A —(Ax) asy=x*
W’U 4[1-]4 L
-L—"
L_(0.5)=22_0.0046
4(3) 10
1
4

S)e
Hence, the approximate value ofliEsl } is 3 + 0.0046 = 3.0046.

(i) (3:968)



3

Consider” =*" . Let x = 4 and Ax = - 0.032.

Then,

Ay = (x+Ax)? — x? = (3.968)2 —(4)? = (3.968)> -8

= (3.968) =8+ Ay
Now, dy is approximately equal to Ay and is given by,

dy B - :
Lj': —_ 5_':— - )2 &J" _1=_-:
h Lh J X 5 (x)2 (Ax) a5 y =X

- %[z}{ 0.032)

= —(L096

k]

3.968).
Hence, the approximate value ofIi = is 8 + (-0.096) = 7.904.
(xv)I

|

Consider” =*" . Let x = 32 and Ax = 0.15.

Then,

Ay = (x-+ Ax)S = x* = (32.15) = (32) = (32.15)5 =2

= (32.15)s =2+ Ay

Now, dy is approximately equal to Ay and is given by,

o | I
dy = 4 Ax = : —(Ax) asy=x’
\{ET / 5{'!.}‘ L
1
= (.15
:'m{z]*( )
015 h00187

80



32.15)s .

Hence, the approximate value of( ! is 2+ 0.00187 = 2.00187.
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Question 2:

Find the approximate value of f(2.01), where f (x) = 4x2+ 5x + 2
ANSWER:

Let x =2 and Ax = 0.01. Then, we have:
f(2.01) = f(x + Ax) = 4(x + Ax)2 + 5(x + Ax) + 2
Now, Ay = f(x + Ax) — f(x)

~ f(x + Ax) = f(x) + Ay

S(x)+ 1 (x)- Ax (as de = Ax)

= f(2.01)= }+ (8x +5) Ax

(4
[4(2)" +5(2)+2]+[8(2)+5](0.01) [asx =2, Ar=0.01]
(16+

+10+2}) +{m+ 5)(0.01)

8+(21)(0.01)

+
+0.21
21

[
[
(=R

Hence, the approximate value of f(2.01) is 28.21.
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Question 3:

Find the approximate value of f (5.001), where f (x) = x* — 7x2 + 15.
ANSWER:

Let x =5 and Ax = 0.001. Then, we have:



F(5.001) = f(x+Ax)=(x+Ax) =7(x+Ax) +15
Now, Ay = f{x+Ax)= f(x)
s (x+Ax) = I[ X+ Ay
= fx)+ ' (x)-Ax (as dx = Ax)
= £(5.001) = (x' = 7x" +15)+(32" - 14x ) Ax

[5 -7(5) +|3} [3{5}'—|4{5}}|{ﬂ.ﬂﬂ|} [x=35Ac=0001]
=(125-175+15)+(75-70)(0.001)
=-35+(5)(0.001)
=-35+0.005
=-34.995

Hence, the approximate value of f(5.001) is —34.995.
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Question 4:

Find the approximate change in the volume V of a cube of side x metres caused by
increasing side by 1%.

ANSWER:

The volume of a cube (V) of side x is given by V = x2.

[
=(3x*)(0.01x) [as 1% of x is 0.01x]
(

Hence, the approximate change in the volume of the cube is 0.03x® ms.
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Question 5:

Find the approximate change in the surface area of a cube of side x metres caused by
decreasing the side by 1%



ANSWER:

The surface area of a cube (S) of side x is given by S = 6x2.

e
%zk%hu
=(12x) Ax
=(12x)(0.01x) [as 1% of x is 0.01x]
=0.12x"

Hence, the approximate change in the surface area of the cube is 0.12x2 m2.
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Question 6:

If the radius of a sphere is measured as 7 m with an error of 0.02m, then find the
approximate error in calculating its volume.

ANSWER:

Let r be the radius of the sphere and Ar be the error in measuring the radius.
Then,

r=7mandAr=0.02m

Now, the volume V of the sphere is given by,

o4
V' = —qr
3
el p
co—— =4

dr

v, o L,-
\drJ/

= { dmr’ }I Ar

=4n(7 }: (0.02) m’ =3.92x m*

Hence, the approximate error in calculating the volume is 3.92 ™ m3.
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Question 7:

If the radius of a sphere is measured as 9 m with an error of 0.03 m, then find the
approximate error in calculating in surface area.

ANSWER:

Let r be the radius of the sphere and Ar be the error in measuring the radius.
Then,

r=9mandAr=0.03m

Now, the surface area of the sphere (S) is given by,

S =42

ﬂ = Bmr
el

A9
A ﬁ Ar

ey )
=(8mr ) Ar
—87(9)(0.03) m

2.16mm’

Hence, the approximate error in calculating the surface area is 2.161T mz2.
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Question 8:

If f(x) = 3x2 + 15x + 5, then the approximate value of f(3.02) is

A. 47.66 B. 57.66 C. 67.66 D. 77.66
ANSWER:

Let x =3 and Ax = 0.02. Then, we have:



f(3.02) = f(x+Ax) =3(x+Ax) +15(x+Ax)+5
Now, Av= f(x+Ax)—- f(x)
= f(x+Ax)= f(x)+Ay
= f(x)+ /(%) Ax (As dx = Ax)
= f(3.02) = (3x° +15x+5)+(6x+15) Ax
=[303)" +15(3) +5]+[6(3) +15](0.02) [Asx=3, Ax=0.02]
=(27+45+5)+(18+15)(0.02)
=77 +(33)(0.02)

=77 +0.66
=77.66

Hence, the approximate value of f{(3.02) is 77.66.
The correct answer is D.
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Question 9:

The approximate change in the volume of a cube of side x metres caused by increasing the
side by 3% is

A.0.06 x* m*B. 0.6 x* m3C. 0.09 x* m* D. 0.9 x* m3
ANSWER:

The volume of a cube (V) of side x is given by V = x2.

's oy
sdF = J—I ‘;‘u‘
L od )

=(3x7 ) Ax
=(3x%)(0.03x) [As 3% of x is 0.03x]
=0.09x" m’

Hence, the approximate change in the volume of the cube is 0.09x® ms.

The correct answer is C.
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Question 1:
Find the maximum and minimum values, if any, of the following functions given by
) fx)=2x—-1y+3 (i) ix)=9x2 + 12x + 2

(i) fx) = =(x = 12+ 10 (iv) g(x) = 3 + 1
ANSWER:

(i) The given function is f(x) = (2x = 1)z + 3.
It can be observed that (2x — 1)2 2 0 for every x € R.
Therefore, f(x) = (2x — 1) + 3 = 3 for every x € R.

The minimum value of fis attained when 2x - 1 = 0.

i
.

bd | —

i -| b e
.f-| e |: =1 | +3
~Minimum value of f= =/ * / =3

Hence, function f does not have a maximum value.

(ii) The given function is f(x) =9x2 + 12x + 2 = (3x + 2)2 - 2.
It can be observed that (3x + 2)2 = 0 for every x € R.
Therefore, f(x) = (3x + 2)2 — 2 > -2 for every x € R.

The minimum value of fis attained when 3x + 2 = 0.

Y =—

3x+2=0=> 3



e
-
2 )

\ A 3
=(3[ +2| -2=-2
Y s

~Minimum value of f= *
Hence, function f does not have a maximum value.
(iii) The given function is f(x) = = (x — 1)2 + 10.

It can be observed that (x — 1)2 = 0 for every x € R.
Therefore, f(x) = - (x = 1)2+ 10 < 10 for every x € R.
The maximum value of fis attained when (x — 1) = 0.
x-1=0=x=1

~Maximum value of f=f(1)=-(1-1)2+10=10
Hence, function f does not have a minimum value.
(iv) The given function is g(x) = x® + 1.

Hence, function g neither has a maximum value nor a minimum value.
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Question 2:
Find the maximum and minimum values, if any, of the following functions given by
(i) f(x) =[x + 2] = 1 (i) g(x) = = [x + 1] + 3
(iii) h(x) = sin(2x) + 5 (iv) f(x) = |sin 4x + 3|

(V) h(x)=x+1,x= (-1, 1)
ANSWER:

.'c+2|—l

(i) fix) =



2|2
We know that I '| =0 for every x € R.

x+2|-1z-1

Therefore, f(x) = for every x € R.

. . . x+ﬂ=ﬂ
The minimum value of fis attained when .
x+2=0
= r=-2
_=|242-1=-1

~Minimum value of f = f(-2)
Hence, function f does not have a maximum value.

=—x—H+3

(ii) g(x)

x+1/<0

We know that for every x € R.

—je+1]+3<3

Therefore, g(x) = for every x € R.

<1l=0n
The maximum value of g is attained when J 1| ( .

x+q:n

== x=-1

-

.-.MaX|mum Value Of g = g(_1) | - _I +| +3=5

Hence, function g does not have a minimum value.
(iii) h(x) = sin2x + 5

We know that — 1 < sin 2x < 1.
=>-1+5<sin2x+5<1+5

=>4<sin2x+5<6

Hence, the maximum and minimum values of h are 6 and 4 respectively.



_|sindx+ 3|

(iv) f(x)
We know that =1 < sin 4x < 1.

>2<sind4x+3<4

sindx+3
=2=< |S4

Hence, the maximum and minimum values of fare 4 and 2 respectively.
V)h(x)=x+1,x€(-1,1)
Here, if a point x, is closest to —1, then we find xo2+1>X0+1x02+1>x0+1 for all x, € (-1, 1).

.'L'I 1 < 1:1 -1
Also, if x; is closest to 1, then < for all x; € (-1, 1).

Hence, function h(x) has neither maximum nor minimum value in (-1, 1).
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Question 3:

Find the local maxima and local minima, if any, of the following functions. Find also the local
maximum and the local minimum values, as the case may be:

(i). fix) = x
(ii)). g(x) = x¢ — 3x

T
X<-

(iii). h(x) = sinx + cosx,0 < 2
(iv). f(ix) = sinx — cos x, 0 < x < 21

(V). f(x) = x2 = 6x2+ 9x + 15

L=

S(x)=xJl-x,x>0

(viii).



ANSWER:

Thus, x = 0 is the only critical point which could possibly be the point of local maxima or
local minima of f.

We have /7(0)=2 , wWhich is positive.
Therefore, by second derivative test, x = 0 is a point of local minima and local minimum

value of fat x =0 is f(0) = 0.

(i) g(x) = x2 — 3x
~g(x)=3x2-3

Now,
g(x)=0=3x2=3 = x ==£+1
g"(x) = 6x

g'(1)=6>0

g"(-1)=-6<0

By second derivative test, x = 1 is a point of local minima and local minimum value
ofgatx=1isg(1)=13-3=1-3 =-2. However,

x = —1is a point of local maxima and local maximum value of g at
x=-1isg(-1)=(-1p-3(-1)=-1+3=2.

iy
(iii) h(x) = sinx + cosx, 0 < x < 2

- h(x)=cosx—sinx

. x (. m
h‘(r]=1]'=:>5|nx=cm.1.':>Inn.v=|::>r=—-:= 0, —
4 L 2]
H"(x)=—sinx—cosx=—(sinx+cosx)
i I I 2 =
hx - :—|—_+—'_ :——Ir_:—u'z-'.fﬂ
4 2 42 2




T
X==
Therefore, by second derivative *~~* | 4 e~ nnint Af lnnnl mavics gnd the local
T n . T x| I I
r==  h|— |—5|n—+c05———+—F—w_.
4) 4 4 2 2
maximum value of h at is

(iv) fix) =sin x - cos x, 0 < x < 21

=~ fI(x) = cosx+sinxf'x = cosx+sinx
f'(x)=0=cosx=—sinx=tanx=—1=x=314,714€(0,27)f' x=0=cosx=-sinx=tanx=-
1=x=314,71m4€0,21m

f'(x)=—sinx+cosxf"x=-sinx+cosx

£ (3n4)=—sin3n4-+cOS3n4=—12v—12V=—2—\<Of"31r4=-sin34+COS314=-12-12=-2<0
£ (7n4)=—sin7m4+COSTR4=128+129=2—\>0f"7T14=-sin 714 +COS7TT4=12+12=2>0

n
X=—
Therefore, by second derivative test, 4 is a point of local maxima and the local
3.3 3
x5 f[—ﬂ —smﬂ—cnsﬂ—-%—]—: J2.
maximum value of f at 4 s 4) 4 1 22
T T
X=— e
However, 4 is a point of local minima and the local minimum value of f at 4
(Imy . Tn n | I —
— |=8In——-C08s—=——=———==—2
is / |‘ 4 J 4 4 V2 \.'E

(V)f(x)=x2-6x2+9x+ 15

~f(X)=3x2—12x+91(x)=0=3(x2—4x+3)=0=3(x—1)(x—3)=0=>x=1,3Now, f"'(x)=6x—12
=6(x—2)f"(1)=6(1-2)=—6<01"(3)=6(3—2)=6>0-.fx=3x2-12x+9f'(x)=0=>3(x2-4x+3)=0=>3(x-
1)(x-3)=0=>x=1,3Now, f"(x)=6x-12=6(x-2)f"(1)=6(1-2)=-6<0f"(3)=6(3-2)=6>0

Therefore, by second derivative test, x = 1 is a point of local maxima and the local
maximum value of fatx=1is f(1)=1 -6+ 9+ 15 = 19. However, x = 3 is a point of local
minima and the local minimum value of fat x =3 is (3) =27 - 54 + 27 + 15 = 15.

x /2
2(x) :E+—,.1'}{J

. 1 2
g(x)==—-=
¢(x)=1-2
Now,
2
g'(x)=0gives—=—=x" =4 = x=42



Since x > 0, we take x = 2.

Now,
. 4
E (-TJ'=—:
X
o _ 4 B 1
& {2]—?—5}{]

Therefore, by second derivative test, x = 2 is a point of local minima and the local minimum

2 2
—+==1+1=2.
valueof gatx=2isg(2)=2 2
2(x)=—
(vii) X' +2
. —(2x
g ('1-]:%
{_1:'+2J
- -2x
g'x)=0=>— -=0=>x=0
1_1"+2)

Now, for values close to x = 0 and to the left of O, £ {r} L Also, for values close to x =0

and to the right of O,g {I}{U.

Therefore, by first derivative test, x = 0 is a point of local maxima and the local maximum

2(0) LI
value of 0+2 2

(viii) I (x) wl—x, x>0



f'{.‘i‘]zﬂzt»j ]_Iz[]ij "‘r‘k=(:|:tb\:'=§

1..']—1'[—3}—{2—31’}( —1 J
v ! \24/1—x
f"(x)=

—ﬁ{k—r}+[%—31}

4[1—_1-}3
x4
4(1-x)2

Therefore, by second derivative test,
2

x==
value of f at 3 is

2] 7 a2 @
Jl= = /I===12
L3/ 3 3

Question 4:

+ is a point of local maxima and the local maximum
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Prove that the following functions do not have maxima or minima:

(i) f(ix) = e~ (ii) g(x) = logx

(iiyp(x)=x3+ x2+ x + 1
ANSWER:



i. We have,
f(x) = e
S f(x)=¢

"lx)=0, =0 : ,
Now, if“F {3 St oand . But, the exponential function can never assume 0 for any

value of x.

f'(c)=0.

Therefore, there does not exist ce R such that-

Hence, function f does not have maxima or minima.

i. We have,
g(x) = log x
. 1
g'(x)=—

Sinceloe v is defined for a positive number x, ¢'(x) = 0 for anv x.
- s -

Therefore, there does not exist ce R such that‘g {U} - U.

Hence, function g does not have maxima or minima.
iii.  We have,

h(x)=x3+x2+x+ 1

SR (x) =327+ 20 +1

Now,

5
i+
<

!._:J

b

H
=
fad

X =

h(x)=0=>3x+2x+1=0=>

Therefore, there does not exist ce R such that h {f} - U.

Hence, function h does not have maxima or minima.
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Question 5:

Find the absolute maximum value and the absolute minimum value of the following
functions in the given intervals:

f(x)=x",xe[-2,2]

f(x)=sinx+cosx,xe[0,x]

(i) - (ii)
., 9
f(x)=d4x——=x",xe —7‘.:]
(i) 2 L 2
(iv) fx)=(x l): +3.xe [—S.I]
ANSWER:

(i) The given function is f(x) = x2.

f'{.r}:lr:
Now,
_f"{.‘r) =0 = x=0

Then, we evaluate the value of f at critical point x = 0 and at end points of the interval [-2,
2].

f2)=(2y=8

Hence, we can conclude that the absolute maximum value of fon [-2, 2] is 8 occurring
at x = 2. Also, the absolute minimum value of fon [-2, 2] is =8 occurring at x = -2.

(i) The given function is f(x) = sin x + cos x.

" __f"(.‘f} =Cosx—sinx

MNow,

., ) s
f(x)=0 = sinx=cosx=>tanx=1=x —’E



X=
Then, we evaluate the value of f at critical point
[0, TT].

£ |=

and at the end points of the interval

=1

(mnYy . =m T I
_,r’[ |:5m FCOS— = —F ——==
4 4 22

_f'[[l):'sinﬂ Feos0=0+1=1

f(m)=sinm+cosa=0-1=-1

Hence, we can conclude that the absolute maximum value of fon [0, 17] isﬂ-'IE occurring at

T
xX=

4 and the absolute minimum value of fon [0, 1] is —1 occurring at x = .

f(x)=4x 1e

(iii) The given function is 2

f(x)=4-2(2%) =42
Now,
f(x)=0 = x=4

Then, we evaluate the value of f at critical point x = 4 and at the end points of the interval
[ y
by i}
i 2
7(4)= m%[m): 16-8=8
f(=2) =—8—i—[4}= -8-2=-10

(9Y f9Y 1[9Y
3)-4G)56

IB—E;—] |8—10.125="7.875

- o
i,
2

Hence, we can conclude that the absolute maximum value of fon- } is 8 occurring

9
2

-2,

at x = 4 and the absolute minimum value of fon - } is =10 occurring at x = —2.

f(x)=(x-1) +3.

(iv) The given function is"



s f(x)=2(x-1)
Now,

F)=0% 5 1)=0mx=1

Then, we evaluate the value of f at critical point x = 1 and at the end points of the interval
[-3, 1].

F()=(1-1) +3=0+3=3

F(=3)=(-3-1) +3=16+3=19

Hence, we can conclude that the absolute maximum value of fon [-3, 1] is 19 occurring
at x = =3 and the minimum value of fon [-3, 1] is 3 occurring at x = 1.
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Question 6:
Find the maximum profit that a company can make, if the profit function is given by

p(x) =41 - 72x — 18x2
ANSWER:

The profit function is given as p(x) = 41 - 72x - 18x.
» p'(X)==72-36xp'(x)=-72-36x

SX=—7236=—2>X=-7236=-2

Also,

p"(—2)=—36<0p"(-2)=-36<0

By second derivative test, x=—2x=-2 is the point of local maxima of p.

~ Maximum profit=p(—2)Maximum profit=p-2
=41-72(—2)—18(—2)2=41+144—72=113=41-72(-2)-18(-2)2=41+144-
72=113

Hence, the maximum profit that the company can make is 113 units.

The solution given in the book has some error. The solution is created according to the
question given in the book.
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Question 7:
Find both the maximum value and the minimum value of

3x4+ — 8x3 + 12x2 — 48x + 25 on the interval [0, 3]
ANSWER:

Let f(x) = 3x* — 8x¢ + 12x2 — 48x + 25.

o f(x)=12x - 24x7 +24x-48
{1 -2x +'H——1]
[ Y—E}]
12(x- (x +v~}

tx.il

II
m

f'(x)=0

Now, gives x = 2 or x>+ 2 = 0 for which there are no real roots.
Therefore, we consider only x = 2 €[0, 3].

Now, we evaluate the value of f at critical point x = 2 and at the end points of the interval [0,
3].

F(2)=3(16)-8(8)+12(4) - 48(2)+25
= 48— 64+48-96+25

=-39
£(0)=3(0)=8(0)+12(0)=48(0)+25

=25
£(3)=3(81)-8(27)+12(9)—48(3)+25

2435-216+108-144+25=16

Hence, we can conclude that the absolute maximum value of fon [0, 3] is 25 occurring
at x = 0 and the absolute minimum value of fat [0, 3] is — 39 occurring at x = 2.
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Question 8:

At what points in the interval [0, 211], does the function sin 2x attain its maximum value?



ANSWER:
Let f(x) = sin 2x.

f'[.r} =2cos2x
Now,
f'(x)=0 = cos2x=0

- T 3 5m I=n
= 2x=—, —, —, —

2 2 2 2
3n st Tn
41:

T
= x=—, =
4 4 4
. n 3 St Tn
Then, we evaluate the values of fat critical points 4 4 4 4 and at the end points
of the interval [0, 211].

A 57 . am .
f[—]—sm?— I f
(

L4
£(0)=sin0=0, f(2n

—
]
=3
R—

[

wa

=
9| 3

|

|

=sin2ax=0
Hence, we can conclude that the absolute maximum value of fon [0, 21] is occurring at
T Sm
X == X =—
Yand 4.
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Question 9:

What is the maximum value of the function sin x + cos x?
ANSWER:

Let f(x) = sin x + cos x.

Sof'(x)=cosx—sinx

L

n

. . T
(x)=0 = sinx=cosx=>tanx=1=>x=—, —..,
. 4 4

_,f'"{_r] =—sinx—cosx = —(fiin X+cosx)



Now, / ILr}will be negative when (sin x + cos x) is positive i.e., when sin x and cos x are
both positive. Also, we know that s~ ~ ~~- ~os x both are positive in the first quadrant.

s
" xe|0,—
J(x) [ 2)
Then, will be negative when .

T
X ==
Thus, we consider 4.

o 7 ) 3
wl T . T T 2 =
_f’| :—| sin— + cos |:—| ,_]=—1."2 <
W4 ) \ 4 4 )

T
r=

~By second derivative test, f will be the maximum at- 4 and the maximum value of fis

(o) _.mn =« 1 1 2 =
j|k4,-|_5m4+ms4_\.ﬁxﬁ_uﬁ_\_
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Question 10:

Find the maximum value of 2x3 — 24x + 107 in the interval [1, 3]. Find the maximum value of
the same function in [-3, —1].

ANSWER:
Let f(x) = 2x — 24x + 107.

L ff(x)=6x" ~24=6(x" -4)

MNow,

[(x)=0 =26(x"-4)=0=>x" =4=x=12
We first consider the interval [1, 3].

Then, we evaluate the value of f at the critical point x = 2 € [1, 3] and at the end points of
the interval [1, 3].

f(2) = 2(8) - 24(2) + 107 = 16 — 48 + 107 = 75

f(1) = 2(1) - 24(1) + 107 = 2 - 24 + 107 = 85



f(3) =2(27) - 24(3) + 107 =54 - 72 + 107 = 89
Hence, the absolute maximum value of f(x) in the interval [1, 3] is 89 occurring at x = 3.
Next, we consider the interval [-3, —1].

Evaluate the value of f at the critical point x = -2 € [-3, —1] and at the end points of the
interval [1, 3].

f(-3) = 2 (-27) - 24(-3) + 107 = -54 + 72 + 107 = 125
f(~1) = 2(~1) = 24 (-1) + 107 = =2 + 24 + 107 = 129
f(~2) = 2(-8) - 24 (-2) + 107 = —16 + 48 + 107 = 139

Hence, the absolute maximum value of f(x) in the interval [-3, —1] is 139 occurring at x = -2.
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Question 11:

It is given that at x = 1, the function x*— 62x2 + ax + 9 attains its maximum value, on the
interval [0, 2]. Find the value of a.

ANSWER:
Let fix)=x*—62x2 + ax + 9.

S f(x)=4x" —124x+a

It is given that function f attains its maximum value on the interval [0, 2] at x = 1.

.'._;‘"{l}=|f]'
=4-124+a=0
= a=120

Hence, the value of a is 120.
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Question 12:

Find the maximum and minimum values of x + sin 2x on [0, 21].

ANSWER:
Let f(x) = x + sin 2x.

s bx)=10 000 8%

NOW,frlII:U:’EOSEX=—1=—EOSE=EOS tr|:—E =Co8—
2 3 3 3
21
E Eﬂﬂi?, nelr

T
=>x:m|:i§, neld

on dm 5
=x=—, = 2 2 l0,2n]

Eec e

2r d4m Sm

3 3 3 and atthe end points of

Then, we evaluate the value of f at critical points
the interval [0, 211].

i EI|:—+sin—:—+£
3 2
Ly P | L 4 £
7| F |- F s 22
3 3 3 2
PEATE IO
V3] 3 3 3 2
(3a) s5n . lom Sm 3
! —|=—+511‘|—:———
g o+ 3 2

Il
[
=
+
=]
s
=

Il
(]
=
+
=

Il
]
=

Hence, we can conclude that the absolute maximum value of f(x) in the interval [0, 211] is 21
occurring at x = 21 and the absolute minimum value of f(x) in the interval [0, 21] is O
occurring at x = 0.
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Question 13:



Find two numbers whose sum is 24 and whose product is as large as possible.
ANSWER:

Let one number be x. Then, the other number is (24 - x).

Let P(x) denote the product of the two numbers. Thus, we have:

(x)=24-2x
P"(x)=-2
Now,
P'(x)=0 = x=12
Also,
P"(12)=-2<0

~.By second derivative test, x = 12 is the point of local maxima of P. Hence, the product of
the numbers is the maximum when the numbers are 12 and 24 - 12 = 12.
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Question 14:

Find two positive numbers x and y such that x + y = 60 and xy? is maximum.
ANSWER:

The two numbers are x and y such that x + y = 60.
=>y=60-x

Let f(x) = xy»



= f(x)=x(60-x)
o (x) = (60-x) —3x(60-x)’
=(60-x)"[60—x-3x]
=(60-x)" (60— 4x)
2(60 - x)(60-4x) - 4(60-x)°
=-2(60—x)[ 60—4x+2(60—x)
—2(60—x)(180-6x)
-12(60-x)(30-x)

Now, f'(x)=0 = x=60 orx =15

And. 1" (x)

0.

When x =60, /" (x)=
)=—12(60-15)(30-15)=-12x45x15 <0.

Whenx =15, f"(x

~.By second derivative test, x = 15 is a point of local maxima of f. Thus, function xy? is
maximum when x = 15 and y = 60 — 15 = 45.

Hence, the required numbers are 15 and 45.
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Question 15:

Find two positive numbers x and y such that their sum is 35 and the product x2y# is a
maximum

ANSWER:
Let one number be x. Then, the other number is y = (35 - x).

Let P(x) = x35. Then, we have:



(35-x) (10-x)=7x(35-x) —18.1‘{35—.1‘]‘{](!—3']
(35-x) [(35-%)(10-x) - x(35—x)— 4x(10- x)]
=7(35-x)" [ 350—45x+x" = 35x+x" —40x+ 4x” |

=7(35-x)"(6x" —120x+350) Now, P'(x)=0 =
0,x=35,x=10

When x = 35,7 ()= (X)=0 14 = 35 - 35 = 0. This will make the product x? y¢ equal to
0.

When x =0, y = 35 - 0 = 35 and the product xzy2 will be 0.
~ x =0 and x = 35 cannot be the possible values of x.

When x = 10, we have:
P"(x)=7(35-10) (6x100-120x10+350)
= 7(25) (-250) <0
=~ By second derivative test, P(x) will be the maximum when x = 10 and y = 35 - 10 = 25.
Hence, the required numbers are 10 and 25.
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Question 16:

Find two positive numbers whose sum is 16 and the sum of whose cubes is minimum.
ANSWER:

Let one number be x. Then, the other number is (16 — x).



Let the sum of the cubes of these numbers be denoted by S(x). Then,

S(x)=x" +|[1{a—_r]|'=

L 8'(x)=3x" =3(16-x) . 5"(x) =6x+6(16-x)
Now, §'(x)=0 = 3x*=3(16-x) =0

=¥’ —(16-x) =0

=y =256-x"+32x=0
256

12

= x= =8

¥ Y = | f = A% — ¢
Now, 5"(8)=6(8)+6(16-8) = 48-+48=96 >0

=~ By second derivative test, x = 8 is the point of local minima of S.

Hence, the sum of the cubes of the numbers is the minimum when the numbers are 8 and
16 — 8 = 8.
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Question 17:

A square piece of tin of side 18 cm is to made into a box without top, by cutting a square
from each corner and folding up the flaps to form the box. What should be the side of the
square to be cut off so that the volume of the box is the maximum possible?

ANSWER:

Let the side of the square to be cut off be x cm. Then, the length and the breadth of the box
will be (18 — 2x) cm each and the height of the box is x cm.

Therefore, the volume V(x) of the box is given by,

V(x) = x(18 — 2x)?



V' (x)=(18-2x)" —4x(18 - 2x)
=(18-2x)[18-2x - 4x]
=(18-2x)(18-6x)
=6x2(9-x)(3-x)
=12(9-x)(3-x)

And, F"(x)=12[ —(9-x)-(3-x)]
=—12(9-x+3-x)
=—12(12 -2x)
=-24(6—x)

Now, V' (x) =
S ' = x=90rx=3

If x =9, then the length and the breadth will become 0.
S X# 9.
= x=3.

Now, y"(3)=-24(6-3)=-72<0

-+ By second derivative test, x = 3 is the point of maxima of V.

Hence, if we remove a square of side 3 cm from each corner of the square tin and make a
box from the remaining sheet, then the volume of the box obtained is the largest possible.

Page No 233:

Question 18:

A rectangular sheet of tin 45 cm by 24 cm is to be made into a box without top, by cutting off
square from each corner and folding up the flaps. What should be the side of the square to
be cut off so that the volume of the box is the maximum possible?

ANSWER:

Let the side of the square to be cut off be x cm. Then, the height of the box is x, the length
is 45 — 2x, and the breadth is 24 - 2x.

Therefore, the volume V(x) of the box is given by,



V(x)=x(45-2x)(24-2x)
= x(1080—-90x—48x +4x" |
=4x" —138x" +1080x
SV (x)=12x" —276x+1080
12(x* —23x+90)
12(x—18)(x-35)
V" (x)=24x-276 =12(2x-23)

[ ]

Now,” (1)=0 = _4gandx=5

It is not possible to cut off a square of side 18 cm from each corner of the rectangular sheet.
Thus, x cannot be equal to 18.

~X=5

V'(5)=12(10-23)=12(-13)=-15
Now, 7 (8)=12(10-23) =12(-13) =-156 <0

.- By second derivative test, x = 5 is the point of maxima.

Hence, the side of the square to be cut off to make the volume of the box maximum
possible is 5 cm.
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Question 19:

Show that of all the rectangles inscribed in a given fixed circle, the square has the maximum
area.

ANSWER:
Let a rectangle of length / and breadth b be inscribed in the given circle of radius a.

Then, the diagonal passes through the centre and is of length 2a cm.



Now, by applying the Pythagoras theorem, we have:

{Ea}z =" +b
= hl = 4&-3 —.IF:

=b=+aa' -1

~Area of the rectangle, 1 = N4a® -1

N (<20) =42’ -1 - I

1
d i I

Vaa I (-4l) - (4a* - 21" &
A (—4)~(4a )Em
{ﬂl (4&!"1—{"‘]

(40 ) (—an)+ 1 (4a* - 21)
(10" -1')

_-dai+2r ~21(6a” ~1")
- . ‘

(4’ -P) (44 -F):

Nuw,j—': =0 gives 4a° =2I° = 1 =2a

= b=vdd’ - 24’ =2d" =2a

Now, when / = +/2a.

ia 260 2) _ai

: ; = —==4<0
dl'r" E‘NE{FJ 2\55;"




-+ By the second derivative test, when I=+2a , then the area of the rectangle is the
maximum.

Since! =P =~2a the rectangle is a square.

Hence, it has been proved that of all the rectangles inscribed in the given fixed circle, the
square has the maximum area.
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Question 20:

Show that the right circular cylinder of given surface and maximum volume is such that is
heights is equal to the diameter of the base.

ANSWER:
Let rand h be the radius and height of the cylinder respectively.
Then, the surface area (S) of the cylinder is given by,

8 =2mr" +2mrh

S —2m
— ="

V=narh Hr‘jl;— —_rl=—-m’
." =

WV 8 . dV

Then. L ——3mr-, d
dr 2 dar

S

I 5 . .
L == i I = —
dr 2 on

MNow,

, S 'y (&
When r* =—, then — = —6n [— |<0.
o dr- .k'"i 6m

-~ By second derivative test, the volume is the maximum when bm



. N 6 (1)
Mow, when r~ = —. then = | - |—r' =3r—-r=2r
T 2r \r)

Hence, the volume is the maximum when the height is twice the radius i.e., when the height
is equal to the diameter.
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Question 21:

Of all the closed cylindrical cans (right circular), of a given volume of 100 cubic centimetres,
find the dimensions of the can which has the minimum surface area?

ANSWER:
Let rand h be the radius and height of the cylinder respectively.

Then, volume (V) of the cylinder is given by,

Surface area (S) of the cylinder is given by,

\
.“Tp':frn.i'l+2n:.l"."}:HJI.I"J+1{E
=
A 2 'S
.'.f—=4r|:r—'—UiU. d H =4“+4_m}
dr " dr- r
Ay 2
Lilr—:Ii} = 4r|:r=ﬂ
ar ol
. 2000 50
= =—=—
4 n
|
[SEIIT
= r=|—
¥

|
"3 2
Now. it is observed that when r = [@J . ﬁ = 0.
M edr



~pro~~mnmd derivative test, the surface area is the minimum when the radius of the cylinder
(50

— | cm
.
is
1 1
3 3
When r:[ﬂj L h= Lhs - = 2;(50 - = E[E] i,
i [50]5 (5003 ()% L
']'E —
T

Hence, the required dimensions of the can which has the minimum surface area is given by

(50 -“sn]r-
— | cm 2l —| cm.
radius =~ T/ and height= T
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Question 22:

A wire of length 28 m is to be cut into two pieces. One of the pieces is to be made into a
square and the other into a circle. What should be the length of the two pieces so that the
combined area of the square and the circle is minimum?

ANSWER:
Let a piece of length / be cut from the given wire to make a square.

Then, the other piece of wire to be made into a circle is of length (28 — /) m.
i

Now, side of square =4 .

2nr =28 I_}J':L{EH 7).
Let r be the radius of the circle. Then, In

The combined areas of the square and the circle (A) is given by,



A=1izade of the square R

4 2
=£—+TI:|:LI28—.¢1I:|
16 |2n
]
wd 4 Tog
16 4n
GO B2 e NS o (3
dl 16 4nm 8 2om
d*4 1

1
== )
di* 8 2m

Mool B Bl P RIS 3
dl o

m—4( 28-1)
= I )
B
=(n+41/-112=0
W 0
T+ 4

=l

112 d°A
= e

=

[ 0.

Thus, when S n+4’ dl

y 112

" By second derivative test, the area (A) is the minimum when ~ ©+4

Hence, the combined area is the minimum when the length of the wire in making the square
112

is T+4 m while the length of the wire in making the circle is 28—112n+4=28+4m28-
1121+4=28111+4m.
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Question 23:

Prove that the volume of the largest cone that can be inscribed in a sphere of
B

radius Ris 27 of the volume of the sphere.

ANSWER:

Let rand h be the radius and height of the cone respectively inscribed in a sphere of
radius R.



Let V be the volume of the cone.

V= lm':h
Then,

Height of the cone is given by,

h=R+AR” RHNR -1 [ABC is a right triangle]

S :%m‘z [H+ VR —r:)
= %m':f€+%m':q’f€3 -r

r _ G
2t =21[PR+27U'\.I'R?—P? + lm":- { -I)
dr 3 3 3 Dl B2t
:E;.rn".u’-t‘+E VR -1 —l n;
3 3 3 Rt
2 . RE_ Wl 1
_2 o, ar ,\j } nr
3 3~J'IR“ -
—Em*h‘+ ek =3’
3 3R —1"
e | 2aR . WR = (EJTR: —‘;'m':)— (ElrrR: —3:{!‘")- EWE%
dr’ 3 9(R* - r)
2 Ol R = W 20R =9 )+ 207 R + 3
2 M=) )

2?(&3 —:-3]-
dr 2 3ur - 2nrR?

Mow . =00 = & rRk=

dr 3 R -

R )
:ER=%:~ 2RVR -1 =377 2R
R=r



= 4R (R ~r*)=(3r* - 2R*)
= 4R — 4R =9t +4R 127 R
— 0 =88R

el R il
=t =—=R
9
, B 4V
When r- =§R'. then—— < (),

dr-

~ By second derivative test, the volume of the cone is the maximum when

When r* =S R h=R+ |R-SR =R+ LRt =+ K2
9 9 9 303

Therefore,
=lq:1:(§ﬁ.’zj|f IR
RIS NE,

o A
273

8 ,
= EX{ Volume of the sphere)

. . : . 8
Hence, the volume of the largest cone that can be inscribed in the sphere is 7

the volume of the sphere.
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Question 24:

Show that the right circular cone of least curved surface and given volume has an altitude

equal to V2 time the radius of the base.
ANSWER:

Let rand h be the radius and the height (altitude) of the cone respectively.

Then, the volume (V) of the cone is given as:
V=131r2h=>h=3v2V=131r2h=h=3Vr2

The surface area (S) of the cone is given by,



S = 11rl (where I is the slant height)

2.5
r-h—r—x}njrﬁ+9ff§
CdS 2wt o

dr r
B 3t — et - o
B rg'\ffn:jrﬁ +9p
2ntr® — o
erTLzrﬁ 4 9
2nr® — ot
ridrrt ot
s

26 2 s W
Now, —=0=2n'r =9 =r =
dr 2T

f_gw fs}ﬂ
Thus, it can be easily verified that when 2n’ " dr?

~ By second derivative test, the surface area of the cone is the least when 2

Whenr' =——-, h=— -
2n o O

-

mr b

s

Hence, for a given volume, the right circular cone of the least curved surface has an altitude

equal to V2 times the radius of the base.

Page No 233:

Question 25:



Show that *hnjemi-vertical angle of the cone of the maximum volume and of given slant
- -

t
height is
ANSWER:

Let 6 be the semi-vertical angle of the cone.

fe [{L 1}.
It is clear that 2

Let r, h, and I be the radius, height, and the slant height of the cone respectively.

The slant height of the cone is given as constant.

Now, r=/sin 8and h =/cos 6
The volume (V) of the cone is given by,

V=pnrzh  =13m(l2sin20)(lcos®)  =13ml3sin20cosO=dvdo=13x3[sin20(—sinB)+cosO(
2sinfcosh)] =l33[—sin30+2s1n0c0s20 | = d2vde=1373[ —3sin20cosB+2 cos30—4sin20co
s0] =3n3[2c0830—7sin20cos0] V=13mr2h  =13ml2sin26lcos®  =13ml3sin26c
0s0=dVd0B=13113sin26-sinB+cosB2sinbcosO =1313-sin36+2sinBcos26=d2Vd62=I313-
3sin26cosB+2cos36-4sin206cosO =I131132c0s36-7sin26cos6

Now i =
[ H
= sin’ @ = 2sin@cos” &
=tan’# =2
— tan @ =2
=@=tan "2
Now, when # = tan™' \."E‘ thentan” @ =2 or sin”- @ =2cos” 6.
I'hen. we have:
d*V 3 I

de' 3

[chﬁ': &- 14L~n.‘i"‘f:§'] =—dnl cos' 0 <0 for @ e ['[Il_ g}




~By second derivative test, the volume (V) is the maximum when? = tan”' 2 .

Hence, for a given slant height, the semi-vertical angle of the cone of the maximum volume

istan”' 2
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Question 26:
Show that semi-vertical angle of right circular cone of given surface area and maximum volume
1{1\
Sin” 1 —;
is 3/
ANSWER:

Let r be the radius, / be the slant height and / be the height of the cone of given
surface area, S.

Also, let a be the semi-vertical angle of the cone.

Then S = nwrl + w2

Let V' be the volume of the cone.



Thm?:%m‘:h
2 1 54,3
=V ="a%"
g
1 F I ¥ 7 ) 7
=o' =) [ Asl =1 +1
5 Fal r)I: 5 ¥ :I

B o 5’5—:-1?1"1‘_?1}

9 \ o
[P S St B
_ it (S 3?1)1 nr
9 i T
-

:Er‘(S] —25mrh)
=2 =%3ﬁ(s — 2y (2)

Differentiating (2) with respect to », we get

ar 1

20— = 53{2.5} —8m)

dr

dv

0
For maximum or minimum, put @

== éS{ISr —8m)=0

=25+ —8m =0 (AsS=0)
= S =4’ (Asrz0)

:>r1:

da

Differentiating again with respect to r, we get

lyr TR .
H’d } +2{‘ﬂ =lS{ES—24m-‘)
ar \ dr 9
i1 I." “".I :.-“' -
:;»Ir’di =1.S" 25—24:r><£' ‘As'ﬂ =
a’t 9 | 4 ) L ar
=15[25—65‘|
9 4
2520
9

Thus, V' is maximum when S= 4mr2
As S=nrl +




® 4qr2 = nrl + 2
® 372 =l

® ] =3r

Now, in ACOB,

Sinc = —B
C
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Question 27:

The point on the curve x2 = 2y which is nearest to the point (0, 5) is
22,4 22,0
p (2V2:4) g (242.0)
(C)(0,0) (D) (2, 2)
ANSWER:
The given curve is x2 = 2y.
i ¥° ™
X, TJ
For each value of x, the position of the point will be* =

Let P (X, x22)x, x22 and A(0, 5) are the given points.
Now distance between the points P and A is given by,

PA =(x—0)2+ (x2 — 5)2 V=PA2=(x — 0)2 + (x2 — 5)2



=>PA2=x2+ x4 + 25 — 5x2=>PA2 = x4 — 4x2 + 25=PA2=y2 — 8y + 25 (as, x2 =
2y) PA=x-02+x22-52=PA2 = x-02 + x22 - 52=PA2 = x2 + x44 + 25 - 5x2=PA2 =
x44 - 4x2 + 25=PA2 =y2 - 8y + 25 as, x2 =2y
Let us denote PA2by Z. Then,
Z=y2— 8y +25Z=y2 -8y +25
Differentiating both sides with respect to y, we get
dzdy =2y — 8dZdy = 2y - 8
For maxima or minima, we have

dzdy = 02y — 8 = 0>y = 4d2zdy> = 2Now,[d2zdy2]y=4 = 2 > ONow, x2 = 2y =x2 = 2x4
=x2=8=>x =22 or x=—22-
\ dZdy = 0=2y - 8 = 0=y = 4d2Zdy2 = 2Now,d2Zdy2y=4 = 2 > ONow, x2 = 2y =Xx2 = 2x4
=>Xx2=8=x=22 or x=-22

So, Z is minimum at (22—\/, 4) or (—22—\/, 4)22, 4 or -22, 4.
Or, PAzis minimum at (22—\/, 4) or (—22—\/, 4)22, 4 or -22, 4.
Or, PA is minimum at (22—, 4) or (—22-V, 4)22, 4 or -22, 4.

So, distance between the points P(x, x22) and A(0, 5)Px, x22 and A0, 5 is minimum at (22—
\, 4) or (—22-V, 4)22, 4 or -22, 4.

So, the correct answer is A.

Page No 234:
Question 28:

l—x+x"

For all real values of x, the minimum value of I+x+x" js

(A)0(B)1



(C)3 (D) 3
ANSWER:

l—-x+x

'[I}_|+I+X:L

e _[I+x+:r3)[—l+2x}—(1—x+x3){|+2x}
o (l+x+x)

—l+2x—-x+2x = x +2x —=1-2x+x+2x =x"=-2x

(I+:r+.1‘1]:

-2 2(x*-1)

- T

(I+.1'+x1]: (I+.1'+x3}_

L f(x)=0 = X =1= x=+I
2 (14 x+27) (2x)= (27 =1)(2)(14x+27 ) (1+2x
PN (ST,
{I+x +x:]
4(] +x+x )[(I +x TR )J.'— {_t: —1 ][I + 2."[}j|
[I +:rv+.'r3]
_ 4[.1' +xt+x - =2 + 1+ 2.3.']

(l-lr_r+,1"'}3

4U+h—f}
(14x+2)

A1+3-1) _40)_4_,

A S = T Gy
Atso, ()= 202340 o Zaco

(1=1+1)

~.By second derivative test, fis the minimum at x = 1 and the minimum value is given

1-14+1 1
f[]_1+|+|_§_

by



The correct answer is D.
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Question 29:

|
_ x(x ]]-l]",{]i.ril_
The maximum value of - is

r|],~.

- 1
A 3/ () 2

(C)1(D)0

ANSWER:

Let.f'{.r}:[.r{.r—1}—1]-: :
2x-1

3[x(x-1)+1T:

Now, f'{x)=0 = x :]E

s f(x)=

1
-

Then, we evaluate the value of f at critical point- 2 and at the end points of the interval [0,
1]{i.e.,at x=0and x = 1}.

_f'l[ﬂ}=[ﬂ|[ﬂ—l}+l]l=|
F)=[1(1-1)=1] =1

IEJZG{%}]—W _&JI

Hence, we can conclude that the maximum value of fin the interval [0, 1] is 1.

The correct answer is C.
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