RD Sharma Solutions for Class 11 Maths Chapter 27 Hyperbola

1. The equation of the directrix of a hyperbola is x —y + 3 = 0. Its focus is (-1, 1) and
eccentricity 3. Find the equation of the hyperbola.

Solution:

Given:

The equation of the directrix of a hyperbola =>x -y + 3 =0.

Focus = (-1, 1) and

Eccentricity = 3

Now, let us find the equation of the hyperbola

Let ‘M’ be the point on directrix and P(x, y) be any point of the hyperbola.
By using the formula,

e = PF/PM

PF = ePM [where, e is eccentricity, PM is perpendicular from any point P on hyperbola to the
directrix]

So,
(x—y+3)
(x+1)2+(y—1)2=3
v d JIZ ¥ (-1)2
(x-y+3)
[(x+1)2+ (y—1)2=3|——
JE+1)2+(y—1) ATl
By squaring on both sides we get
2 [ |G-y +3)|\]
(x+1)2+ (y—1)2 =(3—)
(VGFrDZ+G-1?) M=
32 (x—y+3)°

(x+ 1)+ (y—-1)?*=

2

[We know that (a—b)2=a?+ b2+ 2ab &@+b +c)2=az+ b2+ c?+ 2ab + 2bc + 2ac]
So,2{x2+ 1 +2x + y2 + 1 = 2y} = 9{x? + y>+ 9 + 6x — 6y — 2xy}

2x2+ 2+ 4x + 2y2 + 2 — 4y = 9x? + 9y?+ 81 + 54x — 54y — 18xy

2x2+ 4 +4x + 2y>— 4y — 9x2— 9y2 — 81 — 54x + 54y + 18xy =0
—7x2=T7y>—50x + 50y + 18xy - 77 =0

7(x2+y?)—18xy + 50x - 50y + 77 =0

~The equation of hyperbola is 7(x2 + y2) — 18xy + 50x — 50y + 77 = 0
2. Find the equation of the hyperbola whose



(i) focus is (0, 3), directrix is x + y — 1 = 0 and eccentricity = 2
(ii) focus is (1, 1), directrix is 3x + 4y + 8 = 0 and eccentricity = 2
(iii) focus is (1, 1) directrix is 2x + y = 1 and eccentricity =V3

(iv) focus is (2, -1), directrix is 2x + 3y =1 and eccentricity = 2
(v) focus is (a, 0), directrix is 2x + 3y = 1 and eccentricity = 2
(vi)focus is (2, 2), directrix is x + y =9 and eccentricity = 2
Solution:

(i) focus is (0, 3), directrix is x + y — 1 = 0 and eccentricity = 2

Given:

Focus = (0, 3)

Directrix =>x+y-1=0

Eccentricity = 2

Now, let us find the equation of the hyperbola

Let ‘M’ be the point on directrix and P(x, y) be any point of the hyperbola.
By using the formula,

e = PF/PM

PF = ePM [where, e is eccentricity, PM is perpendicular from any point P on hyperbola to the
directrix]

So,

."( _D)E_I_( _S)E_EG{L

Vi A N
X+y—1

J[x—D)EJr(y—B)?:E w‘

By squaring on both sides we get

(‘\"'II(X_ U)z + (}; A 3)2)2 — (2 MD

22 (x+y—1)?
2

[We know that (a—b)2=a2+ b2+ 2ab &@+b +c)2=az+ b2+ c?+ 2ab + 2bc + 2ac]
S0, 2{x2+y>+ 9 -6y} =4{x2+y2+ 1 —2x — 2y + 2xy}

(x—0)%+(y—3) =

2x2 + 2y2 + 18 — 12y = 4x? + 4y*+ 4 — 8x — 8y + 8xy
2x2+2y2+ 18 - 12y —4x2 -4y — 4 —8x + 8y —8xy =0
—2x2—2y?—8x—4y—-8xy+14 =0



2(x2+y —4x+2y+4xy—7)=0

X2+y?—4x+2y+4xy—-7=0

~The equation of hyperbola is X2 +y?—4x + 2y + 4xy -7 =0

(i) focus is (1, 1), directrix is 3x + 4y + 8 = 0 and eccentricity = 2
Focus = (1, 1)

Directrix =>3x+4y+8=0

Eccentricity = 2

Now, let us find the equation of the hyperbola

Let ‘M’ be the point on directrix and P(x, y) be any point of the hyperbola.
By using the formula,

e = PF/PM

PF = ePM [where, e is eccentricity, PM is perpendicular from any point P on hyperbola to the
directrix]

So,
x+y—1)
(x—0)2+ (y—3)2=2|—=
JE-02+(y—3) e
(x+y—-1)
(x—0)2+(yv—3)2=2|—— -
V(E—-0)2+(y—3) ATl
By squaring on both sides we get
2 _( |Gy - D]\
[(x—0)2 + (y — 3)2 =(2—D
(V=07 +G-3)7) Vitl
2% (x+y—1)°

(x—0)2 +(y—3)* = ——

[We know that (a—b)2=a?+ b2+ 2ab &@ +b +c)2=az+ b2+ c2 + 2ab + 2bc + 2ac]
25{x2 + 1 —-2x +y2 + 1 — 2y} = 4{9x? + 16y*+ 64 + 24xy + 64y + 48x}

25x2 + 25 — 50x + 25y? + 25 — 50y = 36x2 + 64y + 256 + 96xy + 256y + 192x
25x2 + 25 — 50x + 25y? + 25 — 50y — 36x> — 64y2 — 256 — 96xy — 256y — 192x = 0
— 11x2 — 39y? — 242x — 306y — 96xy — 206 = 0

11x2 + 96xy + 39y2 + 242x + 306y + 206 = 0

~The equation of hyperbola is11x2 + 96xy + 39y2 + 242x + 306y + 206 = 0

(iii) focus is (1, 1) directrix is 2x + y = 1 and eccentricity =\3

Given:

Focus = (1, 1)



Directrix =>2x +y = 1

Eccentricity =V3

Now, let us find the equation of the hyperbola

Let ‘M’ be the point on directrix and P(x, y) be any point of the hyperbola.
By using the formula,

e = PF/PM

PF = ePM [where, e is eccentricity, PM is perpendicular from any point P on hyperbola to the
directrix]

So,

G- s == yv3| &y U

v Y N
(2x+y—1)

(x—1)2+ (y—1)2=+3

VI 2+ (y—1)2=y NTE

By squaring on both sides we get

2 2x+y— D[\’
(e=nrra=me) = (s 22))

3(2x+y—1)°
5

[We know that (a—b)2=a2+ b2+ 2ab &@ +b +c)2=az+ b2+ c? + 2ab + 2bc + 2ac]
5x2+ 1 —2x + y2+ 1 — 2y} = 3{4x2 + y>+ 1 + 4xy — 2y — 4x}

5x2+5—-10x + 5y2+ 5 - 10y = 12x2 + 3y? + 3 + 12xy — 6y — 12X
52+ 5—-10x +5y?+ 5 - 10y —12x2 — 3y2—3 —12xy + 6y + 12x =0
—TX+2y2+2x—4y—-12xy+7=0

X2+ 12xy —2y2 —2x +4y—7 =0

x—1*+(y—-1*=

~The equation of hyperbola is7x? + 12xy — 2y> —2x + 4y—7 =0

(iv) focus is (2, -1), directrix is 2x + 3y = 1 and eccentricity = 2

Given:

Focus = (2, -1)

Directrix => 2x + 3y = 1

Eccentricity = 2

Now, let us find the equation of the hyperbola

Let ‘M’ be the point on directrix and P(x, y) be any point of the hyperbola.

By using the formula,



e = PF/PM

PF = ePM [where, e is eccentricity, PM is perpendicular from any point P on hyperbola to the
directrix]

So,
(2x+3y—1)
(x—2)2+(y+1)2=2
"\"( ) (F ) \Im
(2x+3y—1)
[(x—2)2+ (y+1)2=2

By squaring on both sides we get

(J(x— R 1)2)2 _ (2 (2x + 3y — 1)D

V13
4(2x+ 3y —1)°
13
4(2x+ 3y — 1)?
13

[We know that (a—b)2=az+ b2+ 2ab &@+b +c)r=az+ b2+ c2+ 2ab + 2bc + 2ac]
13{x2+4 —4x +y2+ 1+ 2y} = 4{4x2 + Qy2 + 1 + 12xy — 6y — 4x}

13x2 + 52 — 52x + 13y? + 13 + 26y = 16x2 + 36y2 + 4 + 48xy — 24y — 16x
13x2 + 52 — 52x + 13y> + 13 + 26y — 16x2 — 36y — 4 — 48xy + 24y + 16x =0
— 3x2—23y?2 — 36x + 50y —48xy + 61 =0

3x2 + 23y? + 48xy + 36x — 50y— 61 =0

~The equation of hyperbola is3x2 + 23y2 + 48xy + 36x — 50y— 61 =0

(x—2)+(y+1)*=

(x—2)*+(y+ 1) =

(v) focus is (a, 0), directrix is 2x + 3y = 1 and eccentricity = 2

Given:

Focus = (a, 0)

Directrix => 2x + 3y = 1

Eccentricity = 2

Now, let us find the equation of the hyperbola

Let ‘M’ be the point on directrix and P(x, y) be any point of the hyperbola.
By using the formula,

e = PF/PM

PF = ePM [where, e is eccentricity, PM is perpendicular from any point P on hyperbola to the
directrix]



So,

4|(2x—y+a)
(v a)2 _ 2 — _
Jx—a)2+(y—0) 3|7 oo
4|(2x—y+a)
(x—a)2+ (y)2=—|—2L -
Vet 02 =5 e

By squaring on both sides we get

(J(X_ )2 + (F)z)z - (i (x-y+a)

3|7 5

(-a)? 4 (2 = BT

[We know that (a—b)2=az+ b2+ 2ab &@+b +c)r=az+ b2+ c2+ 2ab + 2bc + 2ac]
45{x? + a2 — 2ax + y?} = 16{4x? + y? + a2 — 4xy — 2ay + 4ax}

45x2 + 45a2 — 90ax + 45y? = 64x2 + 16y? + 16a2 — 64xy — 32ay + 64ax

45x2 + 45a2 — 90ax + 45y? — 64x2 — 16y2 — 16a2 + 64xy + 32ay — 64ax =0

19x2 — 29y2 + 154ax — 32ay — 64xy — 29a2 = 0

~The equation of hyperbola is19x2 — 29y2 + 154ax — 32ay — 64xy — 29a2 = 0
(vi) focus is (2, 2), directrix is x + y = 9 and eccentricity = 2

Given:

Focus = (2, 2)

Directrix =>x+y=9

Eccentricity = 2

Now, let us find the equation of the hyperbola

Let ‘M’ be the point on directrix and P(x, y) be any point of the hyperbola.
By using the formula,

e = PF/PM

PF = ePM [where, e is eccentricity, PM is perpendicular from any point P on hyperbola to the
directrix]

So,



(x+y—9)
(x—2)24+(v—2)2=2|———-
Jx—=2)2+(y—2) NS
(x+y—9)

v1i+1

By squaring on both sides we get

2 [ |&+y-9[)
(VI(X—E)E +(y — 2)2) = (2 TD

4(x+y—9)°
2

[We know that (a—b)2=a2+ b2+ 2ab &@ +b +c)2=az+ b2+ c2 + 2ab + 2bc + 2ac]
X2+ 4 —Ax +y2+4 -4y = 2{x2 + y? + 81 + 2xy — 18y — 18x}

JE—2)2+(y—2)2=2

(x—2)2+(y-2)* =

X2—4x +y?+ 8 — 4y = 2x? + 2y? + 162 + 4xy — 36y — 36X

X2—4x +y?+ 8 —4y — 2x2 — 2y? — 162 — 4xy + 36y + 36x =0
—X2—y2+32x + 32y +4xy — 154 =0

X2+ 4xy +y2—32x—32y + 154 =0

~The equation of hyperbola isx? + 4xy + y2— 32x — 32y + 154 =0

3. Find the eccentricity, coordinates of the foci, equations of directrices and length of the
latus-rectum of the hyperbola.
(i) 9x2 — 16y = 144

(ii) 16x2 — 9y2 = -144

(iii) 4x> — 3y> =36

(iv) 3x2—y>=4

(v) 2x2—3y2=5

Solution:

(i) 9x> — 16y = 144

Given:

The equation => 9x2 — 16y2 = 144

The equation can be expressed as:



144 144
x2 2
Xy
16 9
2 2
X
< v
42 32
The obtained equation is of the form
]\.’2 },2
2 !

Where, a2=16,b2=9i.e.,a=4andb =3

Eccentricity is given by:

]

Foci: The coordinates of the foci are (0, tbe)
(0, £be) = (0, +4(5/4))
= (0, £5)

The equation of directrices is given as:

= bx = 116

5xF16=0

The length of latus-rectum is given as:
2b%/a

=2(9)/4



=9/2

(i) 16x2 — 9y? = -144

Given:

The equation => 16x? — 9y? = -144

The equation can be expressed as:

9y%  16x%°
144 144
2 y2
y: %
16 9
%2 2
X ¥ _
32 42
The obtained equation is of the form
.\'2 },2
2 !

Where, a2=9,b2=16i.e.,a=3andb =4

Eccentricity is given by:

B n

Foci: The coordinates of the foci are (0, tbe)
(0, £be) = (0, +4(5/4))
= (0, £5)

The equation of directrices is given as:



The length of latus-rectum is given as:
2a%b

=2(9)/4

=9/2

(iii) 4x2 — 3y2 = 36

Given:

The equation => 4x? — 3y? = 36

The equation can be expressed as:

4x*  3y?

36 36 1
x* ¥y
9 12

XZ },2
32 (V12)2

The obtained equation is of the form

xz 2
==l
a b2

Where, a2=9,b2=12ie.,a=3and b =12

Eccentricity is given by:

52
52

1z
=, /1+—
g

_ 21
~ V7o

=11+



“ Vs

Foci: The coordinates of the foci are (tae, 0)

=
tas = 13 :-c:J:
3

SXE
)
x {7
1

]
I+

1l
I+

NE
J21
(xae, 0) = (¥\21, 0)

]
I+

The equation of directrices is given as:

*3

=]

43y L
+3 7

3
+3J3’
£

JixiafE=0
The length of latus-rectum is given as:
2b%/a
=2(12)/3
=24/3
=8
(iv) 3x2—y>=4
Given:
The equation => 3x?—y2=4

The equation can be expressed as:



(2) @ -

The obtained equation is of the form

%2 z
yo_ 1

aZ b2
Where, a=2/V3and b =2

Eccentricity is given by:

|' 2
2= 1+':.—2
1+%
3
J1+3
4
2

Foci: The coordinates of the foci are (tae, 0)
(xae, 0) = £(2/N/3)(2) = +4/\3
(+ae, 0) = (+4/7/3, 0)

The equation of directrices is given as:

The length of latus-rectum is given as:

2b?/a



= 2(4)/[2N3]

=443

(v) 2x2—3y2=5

Given:

The equation =>2x2 - 3y2=5

The equation can be expressed as:

The obtained equation is of the form

%2 z
}’=1

a2 b2
Where, a = V5/N2 and b = V5/7/3

Eccentricity is given by:

(iT]

1
P
+

ra ] fosl o

I
iy
+

il
=

| ma



(tae, 0) = (516, 0)

The equation of directrices is given as:

The length of latus-rectum is given as:

2b?/a

2
(%)
__\W3)

= = |
Wl 51 e

R

2

3

4. Find the axes, eccentricity, latus-rectum and the coordinates of the foci of the hyperbola
25x2 — 36y2 = 225.

Solution:
Given:
The equation=> 25x2 — 36y? = 225

The equation can be expressed as:



25x?  36y?

225 225
XE FE

G
5 6

XE },2

FE A
)
The obtained equation is of the form
.\'2 },2
2 !
Where,a=3 and b = 5/2

Eccentricity is given by:

Foci: The coordinates of the foci are (tae, 0)
(zae, 0) = +3 (V61/6) = + \61/2
(xae, 0) = (x V61/2, 0)

The equation of directrices is given as:



bt
[

I+

™l w

U

bt

I

-+
)

=

bt
I
[+
-
[
[}
7 5o

= 6lx =+
V61x F 18=0

The length of latus-rectum is given as:
2b%/a

=

8

o
x

25
6
- Transverse axis = 6, conjugate axis = 5, e = V61/6, LR = 25/6, foci = (+ ¥61/2, 0)

5. Find the centre, eccentricity, foci and directions of the hyperbola
(i) 16x2—9y> + 32x + 36y — 164 =0

(i) x>—y2+4x =0

(iii) x2— 3y2—2x =8

Solution:

(i) 16x2 — 9y + 32x + 36y — 164 =0

Given:

The equation => 16x2 — 9y? + 32x + 36y — 164 =0
Let us find the centre, eccentricity, foci and directions of the hyperbola
By using the given equation

16x2 — 9y? + 32x + 36y — 164 = 0

16x2 + 32x + 16 — 9y + 36y — 36 — 16 + 36 — 164 =0
16(x2+2x+1)—9(y2—4y +4)-16+36—-164 =0
16(x2+2x+1)—-9(y2—4y+4)—-144 =0

16(x + 12— 9(y — 22 = 144



16(x+ 1)° ~ 9(y — 2)? B

144 144 1
(x+1)* (y—2)°

5 16 !
x+1)? (y—2)°

32 B 42 =1

Here, center of the hyperbola is (-1, 2)
So,letx+1=Xandy—-2=Y

The obtained equation is of the form

Where,a=3and b =4

Eccentricity is given by:

Foci: The coordinates of the foci are (tae, 0)
X=#5andY =0

x+1=125andy-2=0
x=t5-1andy=2

x=4,-6andy=2

So, Foci: (4, 2) (-6, 2)

Equation of directrix are:



=5X+9=0

=5(x+1)+9=0
=5x+5+9=0

= 5x+5—-9=0and5x+5+9=0
5x—4=0and5x+14=0

~ The center is (-1, 2), eccentricity (e) = 5/3, Foci = (4, 2) (-6, 2), Equation of directrix =5x -4 =0
and 5x + 14 =0

(i) x>—y2+4x=0

Given:

The equation =>x2—y2+4x =0

Let us find the centre, eccentricity, foci and directions of the hyperbola

By using the given equation

X2—y2+4x=0
X2+4x+4—-y2—-4=0
(x+2y -y =4
x+2)° y* _,

4 4
(x+2)* y?
2 !
Here, center of the hyperbola is (2, 0)
So, letx—2=X

The obtained equation is of the form

Where,a=2andb =2

Eccentricity is given by:



1
-2
Foci: The coordinates of the foci are (tae, 0)
X=%2V2andY =0
X+2=%x22andY =0
X=%2V2-2andY=0
So, Foci = (£2V2 - 2, 0)

Equation of directrix are:

d
X=+-
e
X = +—
= X=1T—
V2
X = +—
= X=1T—
V2
=:~X=iw"§
=X¥FV2=0

=x+2FV2=0
Xx+2-V2=0andx+2+2=0
= The center is (-2, 0), eccentricity (e) = V2, Foci = (-2 2v2, 0), Equation of directrix =
X+2=%2
(iii) x2— 3y2—2x =8
Given:
The equation =>x2— 3y —2x = 8
Let us find the centre, eccentricity, foci and directions of the hyperbola
By using the given equation
x2—3y?—-2x=8
xX2—2x+1-3y?—1=8
(x—=12-3y2=9



(x—1)? 3y*

9 g 1
x-1* y*
=)

Here, center of the hyperbola is (1, 0)
So, letx—1=X

The obtained equation is of the form
.\'2 },2

2 !

Where, a=3and b =3

Eccentricity is given by:

By

I--AJ |

Foci: The coordinates of the foci are (tae, 0)
X=%22Vy3andY =0
X—-1=%2y3andY =0
X=%2V3+1andY=0

So, Foci = (1 £ 23, 0)

Equation of directrix are:



>
|
I+
™

1
o
[
[+
rﬁ“l‘ @

24
3
9

U
e
[

-+

V3

1

e
Il
I+
+ b

3
1
I+

e 2o

= The center is (1, 0), eccentricity (e) = 2v3/3, Foci = (1 £ 2V3, 0), Equation of directrix =
X = 129/2V3

6. Find the equation of the hyperbola, referred to its principal axes as axes of coordinates, in
the following cases:
(i) the distance between the foci = 16 and eccentricity = V2

(ii) conjugate axis is 5 and the distance between foci =13
(iii) conjugate axis is 7 and passes through the point (3, -2)
Solution:
(i) the distance between the foci = 16 and eccentricity = V2
Given:
Distance between the foci = 16
Eccentricity = \2
Let us compare with the equation of the form
2 2
e p =]
Distance between the foci is 2ae and b? = a2(e?— 1)
So,
2ae =16
ae = 16/2
aV2=8
a =82
a’=64/2
=32
We know that, b2 = a?(e2— 1)
So, b2 =32 [(\2)? — 1]



=32(2-1)
=32
The Equation of hyperbola is given as

2 2

X }’ 1
32 32
X2 —y?=32

= The Equation of hyperbola is x2 — y? = 32

(ii) conjugate axis is 5 and the distance between foci = 13

Given:

Conjugate axis = 5

Distance between foci = 13

Let us compare with the equation of the form
z z

e p =]

Distance between the foci is 2ae and b? = a2(e? — 1)

Length of conjugate axis is 2b

So,

2b=5

b=5/2

b>=25/4

We know that, 2ae = 13

ae =13/2

are? = 169/4

b2 =axe?—1)

bz = a%? — a2

25/4 = 169/4 — a2

a>=169/4 — 25/4

= 144/4

=36

The Equation of hyperbola is given as

%2 z
}’=1

a2 b2



2 2

X y
:'E—E—_E—l
4
x?  4y?
=5———=1
36 25
25%% — 144y?
900 B

= 25x% — 144}?2 = 900

~ The Equation of hyperbola is 25x2 — 144y2 = 900
(iii) conjugate axis is 7 and passes through the point (3, -2)
Given:

Conjugate axis =7

Passes through the point (3, -2)

Conjugate axis is 2b

So,

2b=7

b=7/2

b2 = 49/4

The Equation of hyperbola is given as

Since it passes through points (3, -2)



RO

az 49 1
4
9  4(4)
a2 49
9 16
aZz 49
1+ 16
:. —_— —_—
a‘ 49
9 49+ 16
az 49
9 65
= —=—
az 49
2 ® % 9
= 3= —
65
a2 =441/65

The equation of hyperbola is given as:

2 2

X° Y

2z !

al=441/65 and b= 49/4
XE },2

=231 391
65 4
65x% 4y

= ——=1
441 49
65x7 — 36y?

441 | |

= 65x2 — 36y% = 441

= The Equation of hyperbola is 65x* — 36y? = 441
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