RD Sharma Solutions For Class 12 Chapter 19 Indefinite Integrals

1. Evaluate the following integrals:

(i) / x*dx

Solution:

Given

/ x*dx
Now we have integrate the given function

;I‘.'i 1

_ C
g
o

:x__|_(:‘

5]

(ii) | [ x5/4dx

Solution:

Given



/ x> dx

Now we have to integrate the given function

o

= = 40
> +1

On simplifying, we get

=§3:%—|—C

(iii) / xlﬁdx

Solution:

Given



1
X—de

We can write given guestion as

/x‘ﬁdx

Now by integrating, we get

113_5+1

T 5+1

= —%:}:_Ll +C

+C

On simplifying we get
1
- —— 4+ C
Ag*
1
(iv) /—ldx
J X2

Solution:

Given



1
—gdx
X3

Given equation can be written as

/ X7 dx

Now by integrating the above equation we get

3
r 3 tl
= |—=—— +C
- +1
I_i
= |— +
2

On simplifying we get

:_i_|_c

Jz

— +
_1
2
On simplifying we get
2

-5 tC

T
(v) / 3*dx

Solution:



Given

/ 3 dx

We know that

/a"dx: d +e
, log.a

Now by integrating the given equation by using above integration formulae we
get

X _ 3x
f“’"‘@‘c

(vi) / ;dx

Solution:

Given

1
[ =

now above equation can be written as

dx
] g2/
— / x 23 dy

Now by integrating the above equation we get

N Ry
—2+1

On simplifying

:3$%—|—C



(vii) [ 321083 %(lx

Solution:

Given

/ 32I053 % dy

Given equation can be written as

= f3log3 ridzx

On simplifying we get

= / xrldx

Now by integrating the above equation we get
3
T
= — +C
3

Now by integrating the above equation we get
_.33

-~ 4C
5+

(viii) [ log, x dx

Solution:

Given



/ log,, x dx

Given equation can be written as

:f1'd113

By integrating we get

—xz+C

2. Evaluate:
1 + cos 2x
i ———dx
(i) / V7

Solution:

Given

/ 1+ cos2x
=

Given equation can be written as

L]
2 cos“x

) . 2
5 dzx [.,1—|—c052A—2005 A}

On simplifying, we get

zfcns x dx

On integrating

—=sinxz +C



:fms x dx

On integrating

=sinz + C

(ii) / \/ﬁ dx

Solution:

Given

1 —cos2x
f \/ > dx

Given equation can be written as

2 sin2
:/\/ Sl; xd;t: [,',1—(:052;1::2si112:1:]

On simplifying we get

= fsinxdx

On integrating

=%_cosz+C

3. Evaluate:



E‘.E log o 65 log_x
dz

etlog.z _ gdlog z

Solution:

Given

Eﬂlogr_ - L. 85 log_z
dz

gllog.z _ odlog, x

(] 5
Elngr . Elngr
— - |dx

Elng z! Elngz

Above equation can be written as

i g
:f(T)d

Now by integrating we get

.'123

= —+C
3—|—

Exercise 19.2 Page No: 19.14

Evaluate the following integrals (1 — 44):

1. [ (3zvz + 4V + 5) dx

[t

Solution:



Given
f(va’i+4\/§+5)dx
By Splitting, we get,

= Jr((SK\/i)dx-i- (4vx)dx + 5dx)

.
= 33dex+j4xfxdx+ dex

P 3 1
- 3xidx+f4x(§)dx+j5dx

xl:H'l

n+1

[xPdx =

By using the formula,

a 1
3x2+1 4x2+1
= T

= 3+l 4 3+ ) 5dx

We know that

fkdx=kx+c

5 a2
3xz 4xz
+
5/2  3/2

6 s
o Oxi+3x32 4 5x 4 c
5 3

+5x+¢c

=




5 1
2. /\(EE—F———])EE:I:
. T

3
Solution:

Given

J (s =)
T an)™

By splitting given equation we get, we get,

< 5 1

By using the formula,

2% 1
= +5J-(—) dx—fx‘lf’gdx
log2 X
Again by using the formula,

f @b

EK
—log2

+ 5logx — [x~1/3dx

By using the below formula, we get

Xn+1
J-x“ dx =
n+1

1
—=+1
x 3




2 s -
log2 O8X

=

On simplifying we get

2 sl 22l g
log2 OBX T 2% €

=

23{

log2

3. / {V’E(amz + bx + c)} dx

Solution:

3
= +510gx—ix2f’3+c

Given



J-{w’rx(axz +bx + ¢) Jdx

Now by multiplying we get

= J-[w’rxaxz + Vxbx + Vxc) dx

By splitting the given equation, we get,

= aJ- x2 X xzdx+b J-xl X Xzdx+ C J-xlfzdx
= aJ- :{de—l— bJ-xf:dx—l— CJ-xTi.dx

By using the formula

Xn+1
J- x%dx =

n+1
We get
=] 3 1
E.XE+ 1 bXE+ 1 CXE+ 1
=z + 3 +73 +cC
-+1 -+1 -+1
2 2 2
On simplifying
T > 2

ax:z N bxz . CXz N
= C
7/2  5/2  3/2

4, [(2 —3x)(3 4+ 2z)(1 — 2x) dx

Solution:

Given,

[(2 = 3x)(3 + 2x)(1 — 2x) dx

6 + 4x — 9x — 6x?)(1 — 2x) dx

6 — 5x — 6x2)(1 — 2x) dx

6 — 5x — 6x2— 12x + 10x2 + 12x3) dx
6 — 17x + 4x2 + 12x3) dx



Upon splitting the above, we have

= [6 dx — [17x dx + J4xz dx + [12x® dx

On integrating using formula,

[xn dx = xm*1/n+1

we get

=6x—17/(1+1) x™ + 4/(2+1) x2' + 12/(3+1) x*' + C
=6x—17x42 +4x33 + 3x* + C

5. / (E+E+mm+mm+mm) dr

H ()

Solution:

Given

m X
(— +—+m*+x"+ mx) dx
X m
By Splitting, we get,

m X
= < dx + - dx+ | x™dx+ | m*dx+ | mxdx

We have



m X
= —dx+f—dx+fxmdx+fmxdx+ J-mxdx
X m
We have
J-ld =] +
" x=logx+c

By applying the above formula, we get
1
= mlogx + EJ- xdx + J- x™dx+ J- m*dx + J- mxdx

By using this, we have

Xn+1
J- x"dx =

n+1
1
ogx s oy X +f x4+ X
= mlo m*dx
BT m+1t 1+1
By using the formula,
a]{
J-a"dx =
loga
1
EXE X1n+1 mx I'IIXQ
= mlogx + + 3 - + +c

2 m+1 logm 2

J ()

Solution:

(=) e

By applying (a - b)? = a? - 2ab + b? we get

S| (@a%)z_g(@(f_&) dx



After computing or simplifying, we get

ST

By splitting the above equation, we get,

1
= J-xdx+J-§dx— EJ-dx

Now integrate by using standard integration formulae, we get

X1+1
= +loex— 2x+¢cC
1+1 %%
=% x’+log |x| - 2x+c
1—|—:1:t3
- /gd
Solution:
Given

(1+x)3
f & =

Now by applying this formula (a + b)® = a® + b? + 3ab? + 3a%b we get

dx

J« 1+x? +3x% %1 +3x 1% xx
= Vx

1+x¥+3x%4+3x
= Vx

By splitting the above equation, we get,
f d+f d+f3x2d +f3xd
—dx —dx —dx —dx
VX VX
1 1 1 1
= fx‘de-l— J-xa X X zdx + J-sz XX zdx + J- 3x X X zdx

= J-x_gdx-l— J-x.'i:dx-l— 3 J- x.;:dx-l— 3 J- x.‘i.dx



Again we have formula,

Xn+1
J-x“ dx =
n+1

By applying the above formula we get

=5 =3
X +1 XE+1 X +1 3:{ +1
= —3 3 —|—33 +3 +cC
—+1 -4+1 -+1 -4+1
2 2
1 T S5 =3
Xz Xz 3=z 3%z
:"T+T+?+ 3 +C
2 2 2 2
2 R i
=2,/T+ —27 + 227 4 34 +C
e I
8./ x? 4+ elo8T 1 | Z dx
. 2
Solution:
Given

J- {xz + elog* + @)Y} dx

By splitting the above equation, we get,

= J-xzdx+ J-el"’g"dx+ J-G)xdx

By applying formula,

Xn+1
J- x"dx =

n+1

We get

XE+1 gy X
+ | elesexq +f =) d
S 2 [ eosrax [ (9) e




X

X 1 ge
= ?'3‘ j}{ dx_i_log(;)(i)

x3 1 e\*
=}‘;+J.de+@(;)

Integrating and simplifying we get
a X
¢

3 + 5 +]og(§)+c

9. /(:I:E +e® + €°) dx

3
=%

Solution:



J-(XE + e* 4+ e%)dx
By splitting the above equation, we get,

= J-xedx-l—f e*dx + J- edx

By using the below formula,

Xn+1
J-x“ dx =
n+1

We can write as

Xe+l
+J-exdx+J-ede

==
e+ 1

Again by applying the formula,

a](
J- a*dy =
loga

We get
Xe+l E:-:

= + + J- e“dx
e+1 log_e

We know that,
J- kdx =kx + ¢

So substituting this we have



XE+1 Ex
= + + J- e®dx
e+1 log.e

We know that,

J-kdx=l{x+c

So substituting this we have

e+l X

X e

+ex+

+
T+l log.e

10. / VT (m3 — 3) dax

Solution:

Given

2
J- VX (xg - —) dx
X
Multiplying throughout the bracket, we get,
1 r 2
= I(szxa—szg]dX
= J-(x?’g —xz 1 x 2)dx
Again by simplifying
7T 1
= J-[XE — 2X z)dx
By multiplying,

= J-x?;dx— EJ-X_._;dX

We have

Xn+1
J-x“ dx =
n+1




Applying the above formula, we get

XEH X—§+1
= +C
A R |
2 2
o 1
Xz Xz
= 5 2 1 +cC
2 2
o
2Xz A 1
= —4Xz +C
9 2
11 / ! 1+ ! d
. — — T
Solution:

Given



1
=
"i

By multiplying v= throughout the brackets,

{l-l-l}(l}d
= — Tt —=X—ax
\."E \,.."E X

The above equation can be written as

-G
< JGrae
-JGr e

By splitting them, we get,

= J-x'.'i.dx+ J-x'f:dx

We have



= J-x"?i.dx—k J-x_gdx

We have

Xn+1
J-x“ dx =
n+1

By applying the above formula and integrating, we get

= 2Xz—2X z+¢C

4 /Mdm

Solution:

J’(1+J§)2

VX

dx

By applying (a + b)? = a* + b? + 2ab we get

J’[1)2+(\&)2+2x1x\;’i
” VX

1+x+ 2vx
o [Lrarak,

By splitting the above equation, we get,



1 1
= J-X_EdX-F J-x X X zdx+ 2 J- dx
On simplifying and integrating

1
—=+1
2

1
+ J-xl'de—k 2x+4 ¢

15. / V(3 — 5x) dx

Solution:

Given
J- Vx(3— 5x)dx
By multiplying vx throughout the bracket we get,

_J (3vx—5xyx)dx
= J-(Exg —bxlx xi) dx
= J-{Bx?i. — 5}{”.%.)(1}.:

= J-[Bx?i. — EXS)dX



By splitting the above equation, we get,

EJ-X._i.dX— EJ-xng

By using the formula and integrating

Xn+1
J-x“ dx =
n+1

1 a3
3xz*!  bBxzt!

= — +cC
241 241
2 2
2 s
3%z bX:z
= G-+
2 2

2 s
= 2X=—2%:=+4cC

(x4 1)(xz — 2) A

Jz

Solution:

Given

J’ (x+1)(x—2) i

Multiplying the above equation, we get

dx

J'XE—EX-FX—Z
_—
\I’l_

X
J’x—x 2
=

By splitting the above equation,

J-de J-Xd J-Ed
:._ _— ) — _— ] —
o RS IRE

1 1 1
= J-xz X X zdx — J-X XX_EdX—ZJ-X_EdX



= J-xz XX_._'l:dX— J-X ><x_?l:dx— EJ-X_Ti.dx
= J-xz_gdx—fxl_gdx— EJ-X_?l:dX
= J-xgdx— J-xgdx— ZJ-x"idx

We have the formula,

Xn+1
J-x“ dx =
n+1

By applying the above formula we get

a3 1 1
xztt  xztt 2x:R N
= — C
21 41 —I41
2 2
s 2 L
¥z Xz @ 2¥=
=5 "3 1 TC
2 2 2
2 s 2 = 1
= EXE—EXE—’-}XE-FC
5 2
' +x “+ 2
17 / x
2
Solution:

Given



J’X5+x‘2+2

e dx

By splitting the above equation, we get,
2
#f(2+——+ )m
X
The above equation can be written as
= J-[:XS XX 2+x 2 xx 2+ 2 xx9)dx
On simplifying,
= J-(XS XX 2+x2xx 24+ 2xxdx
On simplifying,

= J-[xf“z +x7272 4+ 2x7 %) dx

= J-(xg + x4+ 2x7%)dx

Again by splitting the above equation, we get,

- J-xgdx+ J-x“‘dx+2fx‘2dx

By applying the formula,

Kn+1
J-x“ dx =
n+1

Now by integrating by using the formula,

341 g4+l 9g-2+1

X
C3r1 4+l 2+1 "

x* . x 3 . 2x~1
ﬁ [ —_—
§ 3 1

+cC



5x + 122% + Tx?
20. / dr
r2 4+ >
Solution:
Given

J’ Ext 4+ 12x3 + 7%°
dx

X2+ x

Now spilt 12x® into 7x° and 5x°

J’Sx“ + 7% + 5x°% + 7x?
=

dx
X2 +x

Now common 5x> from two elements 7x from other two elements,



Now common 5x° from two elements 7x*from other two eleme

foz (x+1)+7x*(x+1)
= > dx
X2 +X

(5% +7x%) (x+ 1)
XX+ 1)

=

= j(sz + 7x)dx
Now splitting the above equation, we get,
- f 5x?dx+ J. 7x dx
5}(2+1 7X1+1
- -
~ 241 1116
6x% 7x?

+—+c
3 2

Exercise 19.3 Page No: 19.23
1. /(Zm — 3)° + 3z + 2dx

Solution:




let1=J(2x—3)°+ 3x +2

Then,
_ 1
= J(2x=3)° + (3x + 2)z
Now by integrating the above equation, we get

(2x—3)5%1  (3x+2 ]?l:“
2(5+1) 3C+1)

(2x—3)° {3x+2]§
_o2® 33

{zx—zjﬁ_i_ 2{3x+2].%.
= 12 9

(2x—3)° i 2{3x+2].%.

Hence, | = 12 9 4+
1 1
2',/(711:—5)3—'_ 5m—4dm
Solution:

1 1
——dx
Let | =f (7x=5)*  W5x—4  then,
1
S (7x=5)7* +(5x— 4) =

Integrating the above equation, we get

1
(Tx—5)"3+1 (5x—4) z 1

_ 7 4 5(5+1)

—Lrx—5)2 2 /ex_3
H(?X 5) ‘3 bx — 4

Hence, | = +C



dx

1 1
3.
/2—3:1:4_1!3:1:—2

Solution:

1 1
let | = f 2—-3x V3x—-2dx

1 1
_
f 2-3x  V3x-2(x

1
We know f;dx = log|x|

By applying the above formula we get

log|2—3x

B 2 (3x - 2):

) —g log|2x — 3| +§\f3x—2_ +C

x+3
(x+1)*

Solution:

4, dx




Let,

X+3
X

Splitting the above given equation

J"!-."+ldx+j' 2

=" x+1* (x+1)*dx

1 2
f {x+1]3dx + f (x+1)* dx

The above equation can be written as

_Jx+ D2 dx+ [ 2(x+ 1) *dx

Integrating the above equation we get

[x+1]73%  2(x+1) 74 M

= -3+1 —-4+1

[x+1]_2+ 2(x+1)73
= -2 -3

1 2
Hence, | = C2(x+1)? 3{x+1]3+ c




J"x+1dx+j' 2

=" x+1% (x+1)%dx

1 2
— f {x+1]3dx + Jﬂ{:-.'+ 1]"dx

The above equation can be written as

[+ dx+ [2(x+1)*dx

Integrating the above equation we get

[x+1]73%L  2(x+1)74H

= —3+1 —4+1

[x+1]‘3+ 2(x+1)"2
= -2 -3

1 2

Hence, | = C2(x+1)? 3{x+1]3+ C

1
5. / dx
J VXFT+ VX

Solution:
j‘ 1
let | =7 vVx+i+/x

Now multiply with the conjugate, we get

j‘ 1 VEX+1-— l.,."E d
= Wx+14+ l,.'E : yx+1-— l,.'E
j‘ VE+1— .,‘,-'E
= x+1—x

On simplification we get
=f‘||,|'X+ 1— \.‘E dx

The above equation can be written as



_Jx+ 1)§—x§

On integrating we get

2 3
(x+1)2 x2
3 D
= =z z
2 3 2 2
“(x+1)2—<(x
HenceI:EE )2 3()2+C

1
6. d
/ VX3 + V=3 X

Solution:




1
Let | = f VZx+3+2x-3 x

Now, multiply with the conjugate, we get

1 [2X+3— '2.—3:I
J" x{'.,. X+ Y4X dX

=" 2x+3+2x-3 v 2x+3—/2x—3

f (VZx+3-—y2%—3)
{'.,."EJ-.'+3] z—{'.,."ﬂx—g:]z

f (VZx+3-y2x%—3)
= 2X+3-2x+3

Om simplifying or computing we get

23 2

_f"" :gdx— [ :_gdx

Taking 1/6 as common

_éf(2x+ 3)§dx—éf{2x— E)de

On integrating we get

1

1(2:{+3)E+1 1[2x—3]i+1
- —_— = 2

—6 6l 2

2
E 2u+3 E_E 2x—3 2
_6 zxg 6 zxg
2 2
x+3% V1 [2x-3)°
o 3 = 3
. & 23’{: [+ 2){:
1 2 1 =
—(2x+ 3)2 ——(2}{— 3): + C
Hence, |= 18 18

7 X
'/{2x+1}2 *



Solution:

2x
let | = f (2x+1)2 dx

Now by splitting the above equation we get

j‘ 2x+1 1

=" (2x+1)* (2x+1)°

The above equation can be written as

[——— (2x+ 1)2dx

=" (2x+1)

On integrating we get

(2x+1)7 24

log|2x+ 1| — i)

[N

(2x+1)7%

log|2x+ 1| — -

[N

1 1
-log|2x+ 1| +
Hence, =2 gl | 2(2x+1)4(C

1
8./ dx
J vVx+a+vx+b

Solution:

1
let | = yx+a+yx+b dx

Now, multiply with conjugate, we get

j‘ 1 I[-,.'x+a—',-':-:+b}
— ° Jx+a+Vxtb ‘.,."x+a—1,‘.-"{x+b] dx



Now, multiply with conjugate, we get

J" 1 I[-.,.'x+a—'-.-'x+b}
Vera+xtb T Jxra—, (x+b) dx

(ViTa—vx+h)

] I.—Z
— {-.,.'x+a —y (x+b) dx

On computing, we get

J" { '.,.'m— »'ﬁ}
= a-b dx

On integrating the above equation we get
1 [2 2 2 2
s [E (X+ 3_)2 -3 (X+ b)z]

2
Hence, |= 3(2-b)

[(x+ a)f: - (x+ b)f:LC

9. /sin x+/1 4 cos 2x dx

Solution:



Lot | = J sinx /(1 + cos2x)dx

_ [ sinx /(1 + cos2x)dx

By substituting the formula, we get

_ [ sinx v/2 cosZxdx
_ [ sinx 2 cosxdx

_ V2 [sinx cosxdx
Now, multiply and Divide by 2 we get,

J2 :
?f 2 sinx cosx dx

vz :
~ | sin2xdx

] .
~ "'?f sin2 x dx

On integrating

-,."E —cos2x
= 2 2
1
———C05 2X
Hence, I=  2vZ2 +C

Exercise 19.4 Page No: 19.30

1 [x2+5x+2
\ x4+ 2

dx

Solution:



Given

x2 4+ 5x4+2
_/—X—Z dx

By performing long division of the given equation we get
Quotient=x+ 3
Remainder = —4

“ We can write the above equation as

4

= X+3 x+2

. The above equation becomes
[x+3—— dx

= x+2

By splitting

1
:'fxdx-l—B fdx—-’-}fﬁdx

x0 1
We knowadxzm"fEdXz Inx

xZ
=2 3x —4ln(x+2) +c. (Where c is some arbitrary constant)

2

z%—3x—4log|x—2|+c
xs
2./ dx
J x=2

Solution:



Given

fxfzﬁ

By performing long division of the given equation we get

Quotient = x*+2x+4
Remainder =8

“ We can write the above equation as

X+ 22X+ 4 w2
. The above equation becomes

[x2+2x+ 4 +— dx
— x—2
2 1
z}f:{ dx+2fxdx+4fdx+8f—x_2dx

x0 1
We knowadxzm"-[dez Inx

x? %2
—+2—+4x+8In(x—2) +¢c
= 3 2

](3 2
—+x"+4x+8In(x—2)+ ¢ . .
= 3 ( ) . (Where c is some arbitrary constant)

xj >
=3 +x +4x +8log|x — 2|+ ¢

x2 4+x+5
Ix+2

Solution:

dx

Given

x4+ x+5

rd &



By doing long division of the given equation we get

X 1
Quotient = 2 s

43
Remainder = 9

“ We can write the above equation as
1y L)

= 3 e 9 M3x+2

“+ The above equation becomes
FEeie(ax

= 3 el 9 MW3x+2

1 1 43 1

x1 1
We knowjxcix:m;jﬁdx: Inx

3 2
E><M—-|—3><x——l—ﬂln(:*}:x;-l—2)-|—n:
= 3 2 9 2 9

=3 2
x—+x—+E111(3:xH— 2)+ ¢
18 9

= 6 . (Where c is some arbitrary constant)

x? 1 43
= 5 —gx—ﬁlog|3x—2|—c




. The above equation becomes

x 1 43 1
:}f§+;+?(ax+2)dx

=:ﬁ_éf}s&dx+éfdx+§f

1
3IX+2

dx

X2t L9
Weknowfﬂdx:ﬁ;f}dx:lnx

1 - | 43 1
“X—+-Xxx +—=X=-In(3x+2)+¢
2 9 9 3

x* 1 43 | . ;
= & + gX + 57 log |3x + 2| + ¢ (Where c is some arbitrary cc

Exercise 19.5 Page No: 19.33
1 x+1
") V2xF3

Solution:

dx

Given



x+1
/ V2x +3
In this type of questions, little manipulation makes the questions easier to

solve

Here we have multiply and divide by 2 to given equation

lf 2x+2
= 2% 4/2x+ 3

Add and subtract 1 from the numerator

1 pr2x+2+1-1
Lraxeziistg,

= 2 Wa2x+ 3

1 p2x+3-1
Z ——

= 2 V2X+ 3

Splitting the above equation we get

EJ‘ 2!{+3dx_§j' 1 d:{

= 2" 42X+ 3 2K+ 3

Taking % common from the above equation
E(f 2x + 3dx— [(2x + 3)_?ldx)
= 2 v

Now by integrating the above equation we get

2 1
(2x+3)z2 (2x+3)=
=/ & 2

2. /xu’x+2dx

Solution:




Given
/xm’x + 2dx

In this type of questions, little manipulation makes the questions easier to
solve

Here add and subtract 2 from x in the given equation
We get

S J(x+ 2-2)Vx + 2dx

=}j(x + E)de— IE'\.X + 2dx

On integrating we get

= 2
2(x+2)= 4(x + 2)=

= 3 3
3. [X21
. ————ax
J vx+4

Solution:




Given

x—1
/ dx
J Vx+4
In this type of questions, little manipulation makes the questions easier to
solve

Add and subtract 5 from the numerator

j* x+5—5—1dx

= VK + 4

J‘x+4-—5

= vx +4

\c+4- J"
=4 l.,.’-:+4‘

(f\,x Fdx—5[(x + -'-})zdx)

J"x+ 4-5

= VE + 4

By splitting the above equation

‘\{+=1‘ J"
= '.,.‘-.'+=1-

U\,x 4dx—5 [(x + 4)2[1}{)

Now by integrating, we get

kS 1

_Ex {w-:-l-_ﬂl-]z

= E z

{*-:+=1‘

+ C

By computing

3
2(x+4)z2
= 3

1
—10(x + 4)z + ¢

4. /(x+2)g3x+5dx



Solution:

Let

I = f(::c:—|—2} Vv3x + bdx

Substitute 3x+5=1

3 t—8
o ——
3
= 3dx = dt
dt
= dxr = —
T3

- ; )J dt
RY LT

By taking 3 as common and multiplying, we get

= %f(t% +t%)d_t

On integrating we get

By taking 3 as common and multiplying, we get

- %/(ﬁ -Hﬁ)dt

On integrating we get

3 1
1 t-f_ll t§+1
=wlg ™ 131"
2 2



By taking 3 as common and multiplying, we get

— %f(t% +t%)dt

On integrating we get

4 1
i (#2140
_——[—+—]+c

3 1
On simplifying
T2

6 2 3
— Ly Z 3 =
9[51‘ —|—3f ]—l—f_‘

By substituting the value of t

112 S N T T ‘
= 6’73[33-1-.]} +§{3-ﬂ+-]] ]-l—fx

2 a3 3+ 5 1 :
| R 5 | "
g {3,7.' —+- .1} { - 3 } + C

I
0| b
g
o
o]
B
n
o
(L7
e
o
|H
o+
b
=
W
| — |
Q

(3z + 5)7 (9= + 20) + C

135
2x+1

5. ——dx
v aIx+ 2

Solution:



Given
/( J.r + l I
v ._“-.'1, -+
Multiply and divide by 3 in the above equation we get
f ( G6x <+ 3 )
var 4

The above equation can be written as

1/(5;:-1-4--1)
= — —— | dx
3 Viz + 2

Taking 2 as common and subtracting




The above equation can be written as

1 h'.r+4—1)
= — —— | dx
3f( Viz + 2

Taking 2 as common and subtracting

_1f(2{_3m+:;} _ 1 )h
- Viz+2 Iz+r2)

On simplifying
2,/3x - i
<3/ ( ¥ v*m)

By splitting the integral
— % [[2[3;1:+ 2) dz — f{ﬁx +2}'3'du:]

On integrating we get

1 (3 +2)F +1 (3z +2)
‘EH 3(3+1) }‘(—%+11~=sl”
1

4 - | 2 1
= — | —(3:x 2)F — —(3 2)7 '
3[9(.:+] 3{:1.'+}]+

On simplifying we get
4 1 2 i -

_ Jerslal _ 2.
_v3m+2(27{3m+2} g)+(’.‘

m(d(ﬁa +2) — 6 )+(

~vars(2ZLE=%) ¢
2 ¥ -

Exercise 19.6 Page No: 19.36
1. / sin(2x + 5) dx



Solution:

We know that

l—-cos2x
sinfx= 2

By substituting the above formula

“ The given equation becomes,

1—cos2(2X+5
[Ameos2@xtd) 4y
= 2

1 .,
We know [ cosaxdx = Ssinax +c

1 1
=:~Ef dx—Ef cos(4x + 10) dx

On integrating we get

X

Esin(-’-}:xH— 10) +c
= 2 g8

2. [ sin’ (2x + 1) dx
Solution:
We know that sin3x = —4sin®x+3sinx
The above formula can be written as
= 4sin®x = 3sinx—sin3x

The above equation becomes

3sin x—sin 3x

sin®x =
= 4



Now applying above formula to the given question we get

3 sin(2x4+1)—sin 3(2x+1)
: dx

' 3 _
_ [sin®*(2x+ Ddx= [

. -1
We know [ sinaxdx = —cosax+ ¢

By substituting the above formula we get
3, 10,

R gf sin(2x + 1)dx — 1]" sin(6x + 3)dx

On integrating we get

1

jcos(2x+ 1) +
= 8 24

cos(6x+ 3) +

3. /CD54 2x dx

Solution:



Consider,
Cos*2x = (cos®2x)?

We know that

1+cos2x
= cos’x= 2

The above equation

1+c054x)2

29,02 _
z}(ms 2x%) —( -

(1+cns4x)2__ (1+2cns4x+cnszéx)
= 2 o 4

1+cos8x
= cosdx= 2

1+2 cosdx+cos” 4x 1 cosdx 14+cos8x
( - g sy
= 4 4 2 g
Now the question becomes,

1 1 1 1
_;Jdx+-[cosaxdx+_[dx+: [ cos8xdx

1 .,
We knour [ cosaxdx = -sinax +c

1 1 1 1
_;Jdx+-[cosdxdx+_[dx+ [ cosBxdx

1 .
We knou J cosaxdx = -sinax +c

sin 8x
64

X4 Isingx+3+ +cC
4 g 2]

24x+8sin 4x+sin8x
= 64

4. /sin2 bx dx

Solution:



We know that

l1—-cos2x

sin’x= 2
By substituting this formula,

* The given equation becomes,

J~ 1-cos2bx dx

= 2

1
W knowfcosaxdx- - sinax + ¢

éf dx —éf cos(2bx) dx

On integration

X
Y- —sm(be) +C

Exercise 19.7 Page No: 19.38

Integrate the following integrals:

1. /sin4xcus Txdx

Solution:



Given

/ sin4x cos 7x dx

We know that 2 Sin A cos B =sin (A + B) +sin (A—B)

Now by substituting this formula in given question we get

sin11x + sin{—3x)
~ Sin 4x cos 7x = 2

We know sin (—0) =—sin 6
Hence Sin (— 3x) = — sin3x

~ the above equation becomes

1 : .
_ | . (sin11x — sin 3x)dx
1 : .
_ ;(Jsin1lixdx— [sin3xdx)

. -1
We know [ sinaxdx = —cosax + ¢

1 (_—1 cosllx + En:l::rs 3}{)
11 3

=2

= —% cos 11x + %cr}s?-x— c

2. /cns3xcns 4x dx

Solution:



Given
[cr.u-; 4x cos 3x dx

Multiply and divide the given equation by 2

— %f?cmdm cos Jx dx

We know that 2 cos Acos B=cos (A + B) + cos (A—B)

. %f[cml[i;r—i—ih:}—l—ms (42 — 32)| dz

Now by simplifying we get

=%f|{cﬂﬁ[?ﬂ‘?}—|—ﬂﬂﬁx}d33

On integration we get

1 [ sin7x X
;|: = +5u1-.z:} +

—_ i ez -
_ll'E'rLT] T4 =—3MF -4 L

3. /cus mxcos nx dx, m # n

Solution:

Given

/r:osmx cosnx dx, m # n

We know 2cosAcosB = cos (A—B) + cos (A + B)

Now substituting the above formula we get,

cos{m—n)x + cos{m + n)x
S Cosmxcosnx= 2




. The above equation becomes

N fﬁ(ms(m— n)x + cos(m + n)x)dx

1 .
We know [ cosaxdx = ~sinax + ¢

Applying the above

E( = sin(m—n)x + ;sin(m + II)X)
=2 m+n

m—n

1 /({m +n)sin{m-n)x + (m-—n)sin{m + n)x
- + C
=2 m?Z—n?

We know that a’—b?=(a +b) (a—b)

By substituting the above formula and simplifying we get

1 {sin[m-i- njx sin(m — n}x}
5 + t+c
2 m+n m-—n

Exercise 19.8 Page No: 19.47

Evaluate the following integrals:

1
1. / dx
J 1 —cos2x

Solution:



Given

/ 1
— {E.E'
J V1 —cos2r

In the given equation cos 2x = cos® x—sin’ x
Also we know cos® x + sin? x = 1.

Substituting the values in the above equation we get

1

dx

= ° /sin?x + cos®x—(—sin®x + cos®x)

1

dx

= " ysin?x + cos?x + sin?x—cos®x

1

dx

= " 4/ 2sin? x

[——dx

=
= W 25Iin X

1
—= [ cosec xdr

1
— [escxdx
= vZ

tanx

+ C

1
—lo
=2

1 + cos 2x
3. 4 dx

V1 —cos2x

Solution:

Given,
v 1+ cos2r
J V1—cos2zr

dr




Given

/ V' 1+ cos2r
—_— {I.
J &1 —cosx
We know that
14 cos 2x = 2 cos’x
1—Cos 2x = 2 sin’x

By substituting these formulae in the given equation we get

Zcostx
[ |[——dx
= 2sin* x

Again by applying standard formula, we get
_, J VcotZxdx

By simplifying we get

_, [ cotxdx

= log |sinx| +¢

v1 —cosx
4. dx
J +1+cosx
Solution:
Given,

V1 —=cosz
J 1+cosx

dr




Given

V1 —cos2r
—ir
v 1+ cosr

We know that

X
2s5in?=
1-Cosx= 2

X
2 cos?=
l+cosx= 2

By substituting these formulae in the given equation we get

[ |tan2Zdx
. 2

On simplification,

[ tanZ dx
= 2

—2 lnlmsfl + c
= 2

sec @
5. dx
J sec2x

Solution:




Here first of all convert sec x in terms of cos x

We know

1
secx = — ,sec2x =
= COSX COS2K

Therefore the above equation becomes,

1

_LO3x
S

= coszx

cos2x

= CO8X

“ The equation now becomes

cos2X
| dx
= COSX

We know
Cos 2x =2 cos’x -1

“ We can write the above equation as

Zeostx—1
[———dx
= COSX

1

_ J 2cosxdx— [——dx

COSX

= 2 sinx—J secxdx

{f secxdx = In|secx + tanx| + ¢

= 2 sinx—J secxdx
(_f secxdx = In|secx + tanx| + ¢
= 2sinx—log |secx+tanx| +cC

cos 2x
6. : , dx
(cos * + sin x)




Solution:

Let

I. f cos 2x der
(cos x + sin x}z

By substituting the formula, we get

& b
CUSE:.E — 81N
=; - 5 dx
(cos x + sin x)

On simplification, we get

COS T — SN
cosxE +s8Inx

Putsinx+cosx=t

dt
dzx

= —SINn X 4+ cos X =
On rearranging

= (cos x — sin x) dz = dt

- f La
t

=In |t|+ C
Now substitute the value of t, we get
= In |cosz + sinz| + C

sinlz — a
4 / sin(g—jt)

sin(xz — b)

Solution:



To solve these types of questions, it is better to eliminate the denominator.

sin{x—a)
= f sin{x—b) dx

Add and subtract b in (x - a)

sin{x—a + b—h)
= f sin(x—b) dx

J- gin{x—b + b—a)
= sin(x—h)

Numerator is of the form sin (A + B) =sin A cos B + cos Asin B

Where A=x-b;B=b-a

dx

j sin{x—b) cos(b—a) + cos(x—b) sin(b—a)
= sin(x—b)

sin{x—b) cos(b—a) cos{x—b)sin(b-a)
:}f sin(x—b) dx + f sin(x—b) d

X

_ [ cos(b—a)dx + [cot(x— b)sin(b— a)dx
_,cos(b—a) [ dx + sin(b—a) [ cot(x —b) dx
As [ cot(x)dx = In| sinx |

= Cos (b-a)x+sin(b-a)log |sin(x-b)|

Therefore,

=cos (b —a)x + sin(b — a) log [sin(x — b)| + ¢, where c is an arbitrary constant.

Exercise 19.9 Page No: 19.57

Evaluate the following integrals:

log x
1. [ g
. £ dx

Solution:




Assume logx =t
= d (log x) = dt

ldx = dt
= X

Substituting t and dt in above equation we get

= [ t.dt

tz
L.
== 2

Butt = log(x)

log®x
= 2

lug(l+%}
2'/ 1tz

Solution:

Assume lﬁg(l + 3 -

_dQog(1 +2)) =t

+cC

—t

X —dx = dt

X —dx = dt




—1.dx

= X(x+1) = dt
dx
— X(x+1) = —dt

“ Substituting t and dt in the given equation we get

—t2
— +c
=}2

Butlog(l + i) = {

2
—1 log (1+£) <+ c
= 2 x
(1 ++/x)?
3./ NG dx

Solution:




Assume 1+ Vx =t

=d(1+vx)=dt

1

—,_dX = dt
=24 X

—dx = 2dt
=X

“ Substituting t and dt in the given equation we get

= [ 2t%.dt
-2 [t%.dt

22
— + C
= 3

Butl+vx=t

2(1+%)° +
= 3 .

4, /VI—I—EEEEdm

Solution:



Assume 1+e* =1

=d(1+e*)=dt

= e"dx =dt

“ Substituting t and dt in given equation we get

o [Vt
_ [t

2

2tz
~+c

= 3

Butl+e*=t

2(1 + e¥)3/2
= 3

3 .
5. / veos?xsinxdx

Solution:

+ C

Assumecosx =t
=d (cos x) =dt

= -sinxdx=dt

—dt
= ¥ = sinx

“ Substituting t and dt in the given equation we get

ot
[ VtZsinx.
=

gin x



. Substituting t and dt in the given equation we get

3/27 i - dt
:f\/t—smx.

sin x

_ Lt .dt

Lo jen

3t - =
= (&
D

==

Butcosx=t

3 s
——COoS3 & + ¢

= 9
E.‘E

6. /—dm

(1+e")?
Solution:
Assume 1+e*=t
=d(l1+e¥)=dt
= e*dx =dt

“ Substituting t and dt in given equation we get

Butl+e*=t

-1
= 1+eX

+cC



7. /cut3 r cosec® xdx

Solution:

Assume cotx=t
= d (cot x) = dt

= - cosec’x.dx = dt

—dt
dx = —
= CSC“X

* Substituting t and dt in the given equation we get

Jt3esc?x.—
= CsSCc~X

- [ —t3.dt
- — | t3.dt

—t*
— +c
= 4

Butt=cotx

—cot®x
= 4

{Esill_i 3}2
8. - dx
/ v1— x?

Solution:

-



Assume sin x =t
=d (sin "x) = dt

dx

= 4 1-x%

= dt

% Substituting t and dt in the given equation we get
_ [etdt

_, [e?t.dt

Ezt
— +c
= 2

Butt = sin *x

=}%{Fm—: .rlrz L e

EZT

— +c
== 2

But t = sin x

1 +sina

g, dx
J v —cosx

Solution:




Assumex—cosx =t
=d (x—cosx)=dt
= (1 +sinx) dx =dt

“ Substituting t and dt in given equation we get

[=adt
= vt
o [t adt
=2tV + ¢

Butt =x—cos x.
= 2(x—cos x)*? + c.

dx

1
10.
/ V1 — x2(sin” ' ax)2

Solution:
Assume sin ‘x =t
= d (sin "x) = dt

ds
= — dt

=y 1-x*

“ Substituting t and dt in the given equation we get



1
=}_ft—zdt
= JE 2.0

On integrating the above equation we get

t-l

— +c
= -1
But t = sin ~x

e |

= sin"1x

+ €

Exercise 19.10 Page No: 19.65
1. /mzvm + 2 dx

Solution:



Let]l = J-xz Vx + 2dx
Substituting, x + 2 =t =dx =dft,

I = f(t— 2)3\/tdt
=1 = J-(t2 —4t + 4)4/tdt

5 3 1
=1 = J-(tﬁ—"-}tﬁ + "-l-tﬁ)dt

I 2tE 8’EE-I-B’EE-I-
=;~—?2 52 32 C

2 7 8 5.8 3
:I=?[X+2)z—g(x+2)2+§(X+Ej2+c
— 2 7 8 5 8 3
Theref&re,[x%x + 2dx = ?[x + Z)E—E{X +2)2 + 5+ 2)2+c

2
2. — dx
/ v —1

Solution:

XZ
Letl = J- dx
Wvx—1

Substituting x-1=t=dx =dt,

Now substituting the values we get
t+ 1)°
o [EE0,
Vit

Expanding using (a + b)? formula



Vt

Expanding using (a + b)? formula

2+ 2t 4+ 1
=;~I=J- dt

Vi

On simplification
3 1 1
=] = J-(ti + 2tz + t_ﬁ)dt

On integrating we get

25 1 4 3
:~I=Et§+2t§+§t§+c
Again taking LCM

5 1 3
(Esti + 30tz + Eﬂti)
=] = + C
15

2 1
=] = EtE(Etz + 15 + 10t) + ¢
Substituting the value of t we get

S = %@—1)%(3(;{— D2 + 15 + 10(x— 1)) + ¢

2 1
=1 = E(X—IJE[E{:XE—EX + 1)2+ 15 + 10x—10) + c



2 1
=] = E(}:—1)5(3(:»:2—2:; + 1)+ 15 + 10x—10) + ¢

By simplifying we get

2 1
=] = E(x—l)i(sz +4x +8) + ¢

2 1
Therefore, j E(X_ 1)2(3%x% + 4x + 8) +

g X

x?
dx
vaor + 4

Solution:



2

Letl = Imdx

Substituting 3 x+4 =t = 3 dx =dft,

Substituting the values of x
&)

=1 = J-Wdt

Expanding the above given function using (a — b)? formula

: 1 7t? + 16—3tdt
=] = —
27 Vi

On simplifying, we get
1 3 1 1
=] = E (ti — 8tz + lﬁt_i)dt

On integrating, we get

16 3 1
2——t2 + BEU]

=] = [
2?5 3

5 16 3 1
=1 = E[E(EX + 4)5—?(3:{ + 4)z + 32(3x + 4)5] + c

2 16 32
=] =— (3x+4)2——(3x+ 4)2+—(3}{+4)2+c

135
Theref J- dx
erefore, BT 2
2
= E(Ex + 4)2——(3:{ + 4)2 + —[3:{ + 4)2 +c
2z — 1
4. 5 dx
(z —1)

Solution:



2x—1 q
(x— 1)z

Letl =

Substituting x- 1 =t =dx =dt
Substituting the values of x

[ J‘El[t-l— 1)—1dt

-tE

Multiplying and simplifying we get

2t+ 1
=;~I=J- dt
tz

2 1
=1 = J-(——i- —)dt
t t2

On integration

1
=:~I=210g|t|+¥+c

1
=1=2loglx—1| + — + ¢
gl |+ =

2x—1 1
dx = 2loglx—1] + —— + c

Therefore, x—1)2 —

On integration

1
=1 = 2log|t| —;+c

1
I 21 = 1] = ——= ¥
= oglx — 1| ——a T E

2x—1

1
md}{ = ZIOgIX—ll = XT -+ €

Therefore, f



5. /(2:1:2 +3)Vx + 2dx

Solution:

Letl = f(zx? + 3)Wx + 2dx

Substitutingx+ 2 =t=dx=dt

Substituting the values of x in given equation, we get

1= f[z(t— 2)? + 3]yEdt



=] = f[Z(t—Z)Z + 3]y/tdt
Expanding above equation using (a — b)? formula
=] = f[th—Bt + 8 + 3]ytdt
On simplification
D 3 1
=p ] = f[ZtE—BtE + lltildt

On integrating we get
47 165 22 3

N ;e S DRSS
= | 7tz 5t2 3t2+c

4 7 16 s 22 3
=] = ?(x+ 2)2—?(x+ 2)z + ?(x+ 292 + €

4 7 16 5 22
.-.f(zxﬁ + 3)VxX + 2dx = 5(}: + 2)5—?(}: + 2)Z + ?(

Exercise 19.11 Page No: 19.69

Evaluate the following integrals:
1. ftan3 x sec? x dx

Solution:



Letl = J-tanaxseczxdx

Let tan x =1, then
=sec’ x dx = dt

Substituting the values of x

=1 = J-tgdt

On integrating we get
t=1‘
=]l=—+4+rc
4

Substituting the value of t we get

: tan*x N
= = C
4
. 5 tan*x
Therefore, | tan®xsecxdx = 2

2. /tan x sect rdr

Solution:

Let] = J-tanxsec“xdx
The above equation can be written as

=1 = J-tanxseczxseczxdx

+ C



=1 = J-tanxseczxseczxdx
=] = J-tanx[l + tan®x)sec’xdx

=1 = J-(tanx + tan®x)sec’xdx

Let tan x = t, then
=sec’ x dx = dt

Substituting the values of x

=1 = J-(t + t3)dt

On integrating we get

2t
=l==+—+c

2 4

: tan®x . tan®x N
=] = C
A 4
. tan°x tan®*x

Therefore, | tanxsec™xdx = > 2

3. [tanE' x sect x dx

Solution:

Let] = J-tan5xsec“x dx

The above equation can be written as
=] = J-tanf*xseczxseczxdx
Taking tan® x as common

=1 = J-tan‘_‘x(l + tan®x)sec?xdx



=1 = J-tanf‘x(l + tan®x)sec®xdx
On simplifying
=1 = J-(tan‘_‘x + tan’ x) sec’x dx

Let tan x =t, then
=sec? x dx =dt

Substituting the value of x
=1 = J-(tf‘ + t7)dt

Integrating we get

t* 1
=]l=—=+—-+c
6 8

Substituting the values of t

: tan®x N tan®x .
= = C
6 8

tan®x . tan®x
6 8

Thereﬁ:}re,J-tanf‘xsec“xdx =

4, [ sect r tan = dx
Solution:

Let] = J-secﬁxtanxdx
The above equation can be written as
=1 = J-secf‘xﬁsecxtanx)dx

Substituting, sec x =t = sec x tan x dx = dt



=] = J-t“:’dt

On integrating we get
.tﬁ
=]=—=+c
6

Now substituting the values of t we get

: sec®x N
=] = C
6
_ sec®x
Therefore, | sec’x (secxtanx)dx = .

5. /tanE' xr dx

Solution:



Let] = J-tan“:’xdx

The above equation can be written as
=1 = J-tan2 xtan® x dx

Using standard formula

=] = J-[seczx — 1) tan®xdx
Splitting the above equation we get

=1 = J-tangxsechdx—ftangxdx
=1 = J-tangxseczxdx—f(sech— 1) tanx dx

=] = J-tangxseczxdx—J-(seczxtanx)dx + J-tanxdx

Let tan x = t, then

=sec’ x dx = dt

=1 = J-tgdt—J-tdt + ftanxdx

t* 2
=] = ——— + log|secx| + C
23 gl I



Let tan x = t, then

=sec? x dx = dt

=1 = J-tadt—J-tdt + ftanxdx

t* 2
=] =——— 4+ log|secx| + C

13 gl I

: tan*x  tan®x + log] |+
=] = — oglsecx C
4 2 &
_ tan*x tan®x

Therefore, | tan’xdx = yE— + log|secx| + ¢

6. [ vtanx sec? x da

Solution:



Letl = J-\,,*tanxsec“xdx
The above equation can be written as
=1 = fﬁtanxsechseczxdx

Taking common

=1 = J-\Jtanx(l + tan’x)sec®xdx

1 3
=1 = J-[tanix + tanzx)sec®xdx

Let tan x =1, then

=sec’ x dx = dt

1 5
=1 = J-(ti + ti)dt

On integrating we get
23 27

=] =—-12 +=12 +cC
3 7

Substituting the value of t

On integrating we get
23 27

>1=-t2 +=tZ+c
3 7

Substituting the value of t

p 3 2 7
=] = Etanix + ?canix +

2 3 2 7
Therefﬂre,J-\,ftanxsec“xdx = Etaxﬁx + gtalﬁx +

Exercise 19.12 Page No: 19.73



1. / sin® x cos® = dx

Solution:

Let

sinx = t

We know the Differentiation of SINX = C0SX
dt = d(sinx) = cosxdx

dt
dx =
So, COSX

Substitute all in above equation,

. t*cos®x
[ sin* x cos® x dx :‘[ cosx

_ [ t*cos?x dt

_ | t*(1—sin®x) dt
_ [ t(1-tH) dt

_ [t —t%)dt

1{r.\|+‘_

We know, basic integration formula, [Xx" dx =n+1 + cfor any c=-1

[(t*=t5)dt =

w | T,

t':lr
Hence, 7 t¢c
Put back t =sin x

1 . = 1.
- . =sin®x —>sin’x + ¢
[sin"xcos’xdx=s 7

.5
2. sin” @« dx

Solution:



The given equation can be written as

[sin®x dx = [ sin®x sin®x dx

= 1 sin*x(1 — cos® x)dX (since sin’x + cos’x = 1}

[ (sin® x — sin®*x cos?* x) dx

— [ (sin X sin®x) —sin®xcos?®x)dx

— [ (sinX (1 —cos ’x) —sin®xcos®x)dx {since sin? + cos2x = 1}

~ [ (sinX —sinx cos®x —sin®*x cos? x)dx

_[sinXdx —[ sinxcos®xdx— [ sin®x cos®xdx (separate the integrals)
We know, d (cos x) = -sin x dx
So put cos x = t and dt = -sin x dx in above integrals

_[sinXdx —[ sinxcos®xdx— [ sin®x cos®xdx
_[sinXdx —[ t*(=dt) — [ (sin®x sinx) t* dx

_ [sinXdx —[ t?(=dt) — [ (1 —cos*x)t* (—dt)
_[sinxdx + [t2dt) + [ (1-t9)t? dt

_[sinXdx + [t3dt) + [ (£-t*)dt

t? t? t° o
—COSX + -+ ——-— + C,_. : , B
= 3 3 5 (since [X"dx=n+1 +cC for any c # Iy

Put back t = cos x

3 2 5
—CoSX + —+ —— + ¢
= 2 3 3

CDSEK CCISEK CDSEK

—COSX + + - + C
= 3 3 =]

2 1 2 1
= —C0oSX + Emsgx—jcc}sEx +c [c05x—§c053x+ ~cos®x] + ¢
5 =- 5



2 1 2 1
= —(COSX + ECGSEX_fCGSEX +cC msx—gmsgx + -cos®°x] + ¢
o = - o

[

3. [ cos® = dx

Solution:
The given question can be written as

5 _rcos®x cos®xdx
Jeos® xdx =T ; “xd

3 —_ ol 2 . .
= [ €05° X(1—sin*X)dX (since sin + cosx = 1}
[ (cos®x —cos®x sin® x) dx
[ (cos X | cos?x) —cos®xsin® x) dx
_ oy 2 _ E] o B . .
= (cos X (1 —sin ¥X) —cos*xsin“x)dx {since sin?x + cos?x = 1}
— [ (cosX —COSX sin®x — cos® x sin® x)dx
tom 2 3 - .

_[cos Xdx —[ cosxsin®x dx— [ cos®xsin®xdx (separate the integrals)

We know, d (sin x) = cos x dx

So put sin x =t and dt = cos x dx in above integrals
_[cos Xdx —[ t*dt — | cosxcos®x sin’xdx

_ [ cos X dx —[ t7(dt) — [ (cos*x cos x) t? dx
_[cosXdx —[ t*(dt) — [ (1—sin®x)t* (dt)

_ [ cos X dx —[ t3dt) — [ (1—t3)t* dt

_ [cos X dx —[ t7dt) — [ (£ —t*)dt

2 tE- t5

snx————-+_-+¢cC
= 3 3 3




Put backt=sinx

sin®x  sin®x cos X

sinx — — + — 4+
= 3 3 3

. 2 . 1,
= SlIlX—ESIIIEX + jSlIlEX + C

P |

4, / sin® @ cos x dx

Solution:
letsinx=t1
Then d (sin x) = dt = cos x dx

Put t = sin x and dt = cos x dx in given equation

[sin® x cos x dx = [ t3at
On integrating we get
=]
4
=6
Substituting the value of t

sin®x

= 6

+cC

5. / sin® = cos® = dx
Solution:

Since power of sin is odd, putcosx =t
Then dt = -sin x dx

Substitute these in above equation,
[sin® x cos® x dx = J sinx sin*xt® dx

_ | (1 —cos?x) t®sinxdx

_ [ (1—1t%) todt



_ J-(1 —t?) tédt
- J-(t° —t9)dt

On integrating we get

_t7 0
—+— 4+
7 9

Put the value of t we get

L 1
_5cos’X + -cos’x + ¢

Exercise 19.13 Page No: 19.79

mz
1. [ —— _dx
(a? — 2?)3

Solution:



Putx=asin B, sodx=a cos 8 dB and 8 = sin*(x/a)

Above equation becomes,

] 2 sin” 8 7 (acos6 d6) [ a’sin® (acosB de)

=" (a®—a?sin?@)3/ {a’)(aZ—aZsin2g)3/2

By taking a’ common we get

j- a%sin®8

— 7 (a¥)3/2(a%—aZsinZB)3/2

(acosB dB) = [sin?0 + %;EE de

= / :].;2 d = [tan®6d6 - [(sec*8—1)de (sec’B-1 = tan?0)
_[sec?’6dB— [BdO _tan® + c— 0
_tanB -8 + c
Put 8 = sin}(x/a)
H i I

. 1
e ) | _— + [
(Va2 — z?) a

_ [ sec’6d6— [1.d6
_tanB-0 + c

Put B = sin™(x/a)

&I . -1 I
_ — SIn — =+ C
= (\'ﬁlaz - Iz) a




27
2. —(a2 — %) dx

Solution:

Yt T = f L
(a? — x2)°

Letx =asinf

On differentiating both sides we get
dxr = acosfdd

'1‘I:f a® Sin?gm?fg;dﬂ
(a? — a?sin® @)

B f __a.” 3i.n_"'6'-:i:-545!'_ e
a]"(l sin® ﬂ] >

sin’ §
a? cos? # 6’

= 12 tan” @ sec® 040
a

Let

tan @ = ¢

Differentiating on both sides

sec'0 df = dit

1
= 7 elt
uzf :



— % (tan® ﬁ'} + e
a

8
1 -
— (t.an(tan ! %—)) +C
8a va® - z*

e
e e
8a? as — o

' 1 zt
Henre,f—du: = + e
(a2 — xz]ﬁ 8a? (a2 — _.1._2}4

Exercise 19.14 Page No: 19.83

Evaluate the following integrals:

1
L [ e

Solution:



Taking out b? as common from the given equation, we get

==
gt el

On integrating above equation using

X+a
a—x

1 1
_faz_xzdx = ;;log

T }, we get

a
1 1 -t X
—EX—alogl%—l + C
bt 2g) e

On simplification we get
_L_ a+ bx
= 2ab

1
2. / 222 _ b2 dx

Solution:

RC

log

a—-bx




Taking out a’ as common from the given equation, we get

1 1
_2 hz dX
a®y Lz 20

= 32

On integrating above equation using

[——dx = = logHa + ¢}

a?—x? we get

FlEr-th —*—(h—)ﬂg[—%] +c

On simplification

1 ax—b

(4]
= 2ab ax+hb

+ C

On simplification

1 ax—b

Q
= 2ab ax+hb

1
3. —— 5 dr
/ a2x? + b2

Solution:

+cC



Taking out a as common from the given equation, we get

1 1
_2 bzdx
_a 1{2+—2

On integrating above equation using

[——dx = i-tan‘i(f) + c,we get

x% + 3° a

1 1 1 —1rX
= — i, +
: az? 42 4 (E'EJ: d}( 22 * (E;'r)tan ['g] C

By simplifying we get

2 ian? ﬁ)
_—tan (h +c

2 —1
4. dx
xr2 + 4

Solution:




Add and subtract 4 in the numerator of given equation, we get

sz+4—4 1 f{x dx

= x% + 4 \cz+4-

Now separate the numerator terms, we get

(x* +4)-5 (x* +
f X+ 4 f

w® + 4
On computing we get

_Jdx—

dx = Jtan”!(3)
Weknowjxhafdx - atan a tc

X = x—5x~tan~! (E) + c
2 2
On integrating we get

_x—gtan 1( ) +cC



Now separate the numerator terms, we get

J"('-E +4)— 5 _ J'(xz+4jdx_f 5

X% + 4

On computing we get

_Jdx= = [dx— 5[—

-dx = —tan'l( ) + c

x-+4

We know f -<= +a’

dx = x—SXEtan‘l(f) +
2 2
On integrating we get

=x—§tan 1( ) + c

1
d
v 1+ 412 y

Solution:



1
dx
LetI=JN'1+4X2

The above equation can be written as

==

J1+(2x)2
Let t = 2%, then dt = 2dx or dx = dt/2
Therefore,
s = 1f

1
We know ° V(@ +x?)

=§10g|t + W1+ 2| +¢

=%Iog12x + V1 4 4x2| +

Ji+¢2

dx = log|x + V(a% + x?)|+ ¢

Exercise 19.15 Page No: 19.86

1
1. / dx
4x?2 4+ 12x + 5

Solution:



Let

[=[—

4xT+12%+5
Taking out ¥4 as common, then we get

1J’ 1 q
=—| —dx
4 :Ar;2-|—3}=r;+E

4
Adding and subtracting (3/2)* to the denominator

2

zif L a
Heramde Q-6

The above equation can be written as

=EJ-( 3)2_1431:{

X+§

Let

(x+ 3) =t )

= dx =dt
So, substituting the t values we get

Y S T
4 12— (1)2

1 1 t—1
I:ExlemgL+1+c
\ 1 1 X—a
[51111:|E,J-K2 — (a)zd:{: > % alﬂg LH_ a|+ C]



1 1
[since fxz— (a)zdx— o
2
[=2log mi i RS
e [Using (i)]
1_1] 2X+ 1 by
—8 B+l

Solution:




Let

[=[—

x2 —10x+34

1
= J-xz— Tox+ 32 %
Adding and subtracting 5° to both sides

1
- d
fx2+2xx5+(5)2—(5)2+34 X

The above equation can be written as

- f (x—5)2-9°"
Let&E=5)=1t___
= dx=dt

So, substituting the values of t we get

1
I=J-t9+[3)?dt

I 11: ‘1t+
=3tan (3) C

1 1 X
[sim:e,J- mdx =2 Etan‘l (5) + ]



Adding and subtracting 5% to both sides

1
=f}{2—2:~c:><5+(5)2—-(5)2-1-34{1}c

The above equation can be written as

1
:f(x— 5)2+ 9dx

=5 AX =t

So, substituting the values of t we get

1
I=ft2+(3)zdt

I lt = t)+
=3tan (3 C

1 1 X
[sim:e,J- mdx = Etan‘l (—) + c]

= tian1E2
[=3an= G+ [Using (i)]

I lt ‘1X_5+
= —1an — C
3 ( 3 )

1
3. /—dm
14+ a — x2

Solution:



I=[——dx=[——dx

| et 1+x—x° —(x®—x—-1)

The above equation can be written as

_ f 1 q
T Tx—x—n
Add and subtract % to both sides

1
=f 1 1d:x;

—(x*—x—z-1+3)

The above equation can be written as

:J-_((X_ljz_E)dx

2 4

On computing we get

f £\’ 2\ &
vh 1
((T) _(X_2) )
/s 1
1 S+ (x—3)
[= log +c
Sy V5 CIE_ 1
X2 7 ~ (& 2)
[SiIlCEJ- : g| |+c]
! XE—(a)? T 2xa
By using,

a+x

| Emﬂ log, +C

= =




. 1 1
[51111:13,[}({2 — [a)zdx= > alo

VE+2x—1

1 1
Vb —2x+ 1

=—1Ilo +c
V5 8

V5 —1+42x

1
4./ dx
J 222 —x —1

Solution:



1

Let I'= j Exz—x—ldx

Taking out ¥2 as common we get

lJ’ 1 q
=- | ———dx
2) o _x_1

2 2

Again adding and subtracting (%)? to the denominator we get

4

:Ef L d
oo (-G

The above equation can be written as

1 1
:EJ- (X 1)2 _idx




3
1 1 t—z
I—EX zlog|—3| +¢
ZXZ t‘f‘z
1
[smce,f 2_(a)zdx o
1 3
I =Zlog |1 4| +c
=%l [Using (i)]
1 2%~ 2
=— +
I =gl eer 4] +®

1
5.] dx
x? + 6 + 13

Solution:




In the denominator we have, and it can be written as
x>+ 6x+13=x>+6x+3>—-32+13
The above equation can be written as

_(x+3)%+4

Substituting these values we get

1 1
So, j k2 +6x+13 dx = Jﬂ{x+3]2+22d}‘:
Let x+3 =t

Then dx = dt

f L dt lt ‘1t+
(222 " 209 7e

1 1 X
[sinn:e,J- mdx = Etan‘l (—) + (]

lt ,X+3
—tan
2 2

+cC

Exercise 19.16 Page No: 19.90

Evaluate the following integrals:

sec? x
1. dx

1 — tan? o

Solution:



SecT X
Let I= ’[ 1—tan®x
Let tan x = t..... (i)

2
= SECTX dy = dt

So, substituting these values in given equation we get

I_J’ dt

- (:L)z—t2

1+t|+ . J’ 1 i
: c [since, - ()2 X =

%1 g|

1 l1+tanx
I = E lo

€ [Using (i)]

1—tanx

EE
2. /—d:t:
J 14 e2®

Solution:

- " dx =dt

a+x

Taloeli ] o

So, substituting these values in given equation we get

I[=tan ‘t+c

' J- L dx =tan 'x +
since, | ———dx=tan"'x+c
[ [+ ()2 ]

I =tan™" (") + ¢ [Using ()]



I=tanlt+c

' f L dx =tan 'x +
since, | ———dx=tan"'x+c
[ 1+ ()2 ]

I =tan™"(e*) + ¢ [using (i)]

cos T
3. —5 - dx
J sin“x +4sinxe+ 5

Solution:

COSX

let ™ j‘sinz x+4 sinx+5

Let sin x =t..... (i)

= Cos x dx = dt

dt
S0 = ft2+4t+5
r

Adding and subtracting 2° to the denominator we get

dt
N ft? +(20(2)+22—-22+5
Above equation can be written as
J’ dt
(t+2)2+1
Again, lett+ 2 =u .....{ii)
= dt=du
I J’ du
S Juz+1

1

=tfan "u-+¢c

' J- L dx =tan™lx +
s1nce, — X =1all X C
[ 1+ (x)2 ]

=tan~!(sinx + 2) + ¢ [Using (i), (ii)]



EI
4, / dx
J €*® 4+ 5e* + 6

Solution:

EK

Let I= fezx+5ex+6 dx

Let & =t..... (i)

= " dx=dt

1
= —at
J-t2+5t+6




So, substituting these values we get

I=fu2_(1)2du

2
e A
[ = ]og % +C
2 E u-+ E
, 1 1
[smce,j x2 — (a)2 &7 2 X X+ a
20— 1
L=log [> 7
2(t42)-1 oy
[ =log 2(“%}“ + ¢ [Using (ii)]
Iy lﬂg (i)]

5 / e d
E :I:
etz _ g

Solution:

|+c]



EEK
et = ol

Let & =t.... (i)

= 3e* dx=dt

Y - .
- 3) 42—9

Taking (}) as common we get

1 1

“12) ., 9
¥y

dt

The above equation can be written as

I ! ! dt
=72l T a2
He-(3)
[=—1 t_%+

=—log|[—=%|+¢c

36 t+%

. J' 1 dx — 1 1 |X—a|+
[since, 2= () X= o % C]

2t—3
I=10g|2t+3+c
2t— 3

= 1/36 log t+3 +ig

A% _
[ = 1/36 log [=——=

2e3X43

+ € [Using (i)]

Exercise 19.17 Page No: 19.93

Evaluate the following integrals:



1
1. ———dx
/ V2T — T2

Solution:

1
=] emdx

Let

The above equation can be written as

1
= dx
f J—(x%—2x)

Now by adding and subtracting 17 to the denominator we get

1
=J- dx
V—[x2—2x(1) + 12 — 12]

On simplifying

1
= J- x dx
Volx—1)2-1]
The above equation becomes

1
:J-x dx
J1I—(x—1)2

Let (x - 1) =t and dx = dt

1
[= )| —=dt
50, j vi1-t?
= sin~! t + c [since J- L dx =sin"'x+c]
V1 —x2

I=sin"}(x—1)+c

1
2. dx
/ V8 1+ 3x — 2

Solution:



The denominator of given question 8 + 3x — x? by adding and subtracting (9/4)
can be written as

9 9
8—(x2—3x+———)

4 4
Therefore
8 (2 3 +9 9)
4 4

The above equation can be written as

2

41 ( 3)
%73
Substituting these values in given question we get
| =t ¢

X = X
V8 + 3x — x2 J.:}l ( 3)2
7 \¥73

Let x-3/2=t
dx = dt

o g G

1 X
since | ——dx =sin™?! (—) +C
jsince | — ")+



= sin~ +c
V41
2
- (EX— 3) .
= sin C
Va1

dx

1
y
J b —4x — 2x2

Solution:



1

let | = ° 4 5—4x—2x*

dx

Now taking out 2 as common from the denominator we get

1
= dx

J—E [X2+2X—§

2

By adding and subtracting 1° to the denominator we get

1 1
= dx

vz J—[xz+zx+(1)z—(1)z—§]

By computing

1 1
= dx

vz J— [x+ 12— 7]

dx

,JJ

75— (x+1)2

let (x+ 1) =

Differentiating both sides, we get, dx = dt

1 1
I=Eff|'7—72dt
l 42
o (@) -



1
V3x2 +5x + 7

Solution:

dx

[

Let y 3xT+5x+7

Taking 1/v3 as common from the denominator we get

lJ' 1 q

=— X

[3) |

v 2,90 7
X +3X+3

Now by adding and subtracting (5/6)° to the denominator complete perfect
square, we get

1

"=l Jerax(@)+ Q) -() +1

dx

6 6 3

The above equation can be written as

dx

1 J’ 1
v J(X"'E



1 1
sl
let (x+g)=t

dx = dt

' Jm(a)

log |t + t2+(E) +c[smcef =lo ‘x-
. 6 Vrorrchaiaa

On simplification we get

dt

ol

I 11 +5+ (+5)2 @2+
— 303}{ 6 ’ X 6 > 6 C
I 1 +5+ 2+5}(+7+
—\Eog:{ c \J:{ 3 3 C

Exercise 19.18 Page No: 19.98



Evaluate the following integrals:

T
1. dx
/ vzt + a?

Solution:

The given equation can be written as

[P S -
rar V@) + @22

Let x? =t, so 2x dx = dt

Or, xdx= dt/2

dt

.[ - dX = f 3 ﬂ — E f 1
Hence, V(x2)? + (a2)? Vi + (a2)2 2 2 7 2 + (a2)2

1

S — 2 I 2 g
Since, w‘(x=+a2)dx loglx + V(x a*)j+ e

].J' 1
Hence, 2 © V2 + (a2)?

dt = ; log |t + V2 + (@2)2l+ c

Putt=x>

logl x2 + V(x2)% + (a2)2|+ c

[

b |

logl x* + Vx* + a%| + ¢



2

sec I
2. dx
"v/ 4 + tan’x
Solution:
lettanx =1

Then At = sec’x dx

sec®x
———dx = | v'
Therefore, V4+tan?x 2% +t2

1
Since, © V& +a?)

= loglx + V(x* + a)I+

dt
Hence szzﬂz = loglt + vtz + 22| + c

= log[tanx + vtan?x + 4| + ¢

E.’E
3 [ % g
/m

Solution:



et =t

Then we have, 8 dx = dt

Substituting these values,

Therefore, © v16-e* Vaz—t2

Since we have, ~ va*—x*

dt e
| 4= = sin l(q—) + c
Hence, = v4*-t*

4 / COS T d
. a
. V4—|—Sinim

Solution:

Let sinx =1t

L et sink = t
Then dt = cosxdx

Now substituting these values we get

COSX
—d

HE“EE, 1‘." 4+sin? x

. j‘ dt
V22 + 12

1
Since we have, ~ V(x* +a%)

[ —log[t+ VB + 22] + ¢

V22 +¢2

dx = log[x +V(x® + a?)] + c

Therefore,
_log[t + Vt2 + 22] + ¢ = log[sinx + Vsin?x + 4] + ¢

sinx
5. dx
J ydcostx — 1

Solution:




Let
2cosx =t

Then At = —2sinx dx

- dt
sinkdx = ——
Or, .

Then substituting these values we get,

¥ SIN X
dx N

Therefore, m _ [ -~

1
Since fmdx = log[x +V(x2—a?)] + c

dt

1
———— = —-lod[t + V2 -1] + ¢
Therefore, = 2v(t*-1%) S [t + v ]
On integrating we get

= —51 log [Emsx + \f’m] +

T
ﬁ'/—dm
J Va—a?

Solution:



Let x* =t
2x dx = dt or x dx = dt/2

Now substituting these values in the given equation we get

[Z_dx= | s

Hence, ‘4™ 2(V22-12)
L_dx = sm'l(f) + ¢

Since we have, ™ Va*—x* a

dt : (t)

——0 = —-§In"" =) I
So f?(v‘ 22-t2) 2 .

r

Put t = x?

1 ., _ t . . x>
-sin 1(—) + ¢ = -sin 1(—) + C
=2 2 2 2

1
7. dr
/ x./4 — 9(log )2

Solution:



let3logx =t
We have d(logx) = 1/x
Hence, d(3logx) = dt = 3/xdx

or 1/xdx = dt/3

1 . J*E dt
Hence,” xv4-9(logx)? 32242

1

dx = sin™?! G) + C

Since we have, © va*—x*

1 dt 1 ., _ t
~—= = - sin 1(—) + c
Hence, ~ 322t 3 2

Putt=3logx
1 ., _4ft 1 ., _4 (3logx
=—51111(—)+c=—51111( g)+c
3 2 3 2
1 dt 1, _ t
~—— = - sin 1(—) +c
Hence, ~ 3v22-t2 3 2

Putt=3logx

1 . t 1 & 3lo
= = sin 1(—) 4+ ¢ = -sin l(i‘) +c
3 2 3 2

sin 8
N, / !,—d:n
J /9 + sin* 4z

Solution:




Let t = sin4x

dt = 2sin 4x cos 4x X 4 dx

We know sin 2x = 2 sin 2X cos 2X
Therefore, dt = 4 sin 8x dx

Or, sin 8x dx = dt/4

sin8x - lj dt
V9 +sintax  4J) V37 + 2

1
Since we have f‘v‘rf2<2+ﬂz}dx = loglx + \[(xz + a®)] + ¢

1 dt 1
% s 2 2
=4f\.32+t= Jloglt + vtz + 32 + ¢

o= ;1 log[sin®4x + V9 + sin*4x + c



cos 2x
9. / —; dx
J A\/sin“ 2x + 8

Solution:
Let t =sin2x
dt = 2 cos 2x dx

Cos 2x dx = dt/2

Ccos2X
J . 2 dx - [r2 )
Wsin“2x+8  _3 [tV + (2v2)

dx = log[x +V(x% + a?)] + c

Since we have, ~ V(x® +a?)
1 [r+2 z 1 7 1 o

=5 | aV(EE + (2v2)" = Elﬂg[t + 12 + 8] + c

= élﬂg[t +Vt2 + 8] +c= %lﬂg [sinEx + +/sin®2x + 8] + c

Exercise 19.19 Page No: 19.104

Evaluate the following integrals:

T
1./ dx
J x2 4+ 3x 1+ 2

Solution:



Let

|=f = dx

X2 +3x+2

As we can see that there is a term of x in numerator and derivative of x? is also
2x. So there is a chance that we can make substitution for x* + 3x + 2 and | can
be reduced to a fundamental integration.

d
As, dx

(x2+3x+2)=2x+3
Slet, x=A(2x+3)+B
=X=2Ax+3A+B

On comparing both sides

We have, 2A=1=A=1/2
3A+B=0=B=-3A=-3/2

Hence,

ff{2x+3]—5
| = =T+3x+2

Sl=2Y xF+3xe2 2

1 2x+3 3 1
f ¥2+3x+2

1 2x+3 3 1

e iy 1
let, Iy =27 x®+3x+2  andlz=2 7 x®+3x+2
Now, | =1, — 7 ....equation 1

We will solve I, and I, individually.



lf 2%+3
As, Iy =27 x?+3x+2

letu=x"+3x+2=du=(2x+3)dx

du
1y reduces tc: 27 u

Hence,

du

I1—2 - 0g|u|+C

On substituting value of u, we have:

;h::rgl}xz2 +3x+2|+C

I, = .. Equation 2

= —dx . . . .
As, ;=2 f x2+3x+2  and we don't have any derivative of function present in
denominator. .~ we will use some special integrals to solve the problem.

As denominator doesn’t have any square root term. So one of the following
two integrals will use to solve the problem.

i) J-x?iaz ngl—l-i—C 11)[ ?+a'2 =§tan‘1(§)+ﬂ

Now we have to reduce |; such that it matches with any of above two forms.

We will make to create a complete square so that no individual term of x is
seen in denominator.

5

YZ+EY+2



J = _ dx

L=t @) ()

BJ |

Using: a* + 2ab + b? = (a + b)?

We have:
3 1
S e
|2=2 (—“*a) ‘(5)
1 1 Xx—a
I, matches with fxz_azdx - ﬂlﬂg wal T C
1 1 Xx—a
. = —log|—| +C
I, matches with f x2—3a2 za B[ 8¢
3 p 5
3 1 (=)=
- {—=log == |+C}
_2 "2 (x+-)+—
sl 2 2/ " 2
2x+3-1
- log 3=l
=|,=2 2x+3+1
3 2x+2 3 x+1
- log C =-log|— C ;
=>}i=12 2x+4 2 X+2 ... equation 3

From equation 1:
I=lh—1

Using equation 2 and equation 3:

x+1

x+2

+C

1 3
| _;log|x*+3x +2| — 3 log

1
2./Ldm
24+ x4+ 3



Solution:

=J' x+1 dX

x2+x+3

As we can see that there is a term of x in numerator and deriva

2x. So there is a chance that we can make substitution for x* +>
be reduced to a fundamental integration.

Asxi(x2+x+3) =2x+1
Slet, x=A(2x+1)+B
=X=2Ax+A+B

On comparing both sides

We have,

2A=1=A=1/2



A+B=0=B=-A=-1/2

Hence,
1 1
Z(2x+1)—=
IE{ x+1) z
| = 2 +x+43
1 2x+1 lj' 1
Sl=27 x24x+3 2 ¢ x+x+3

Ej‘ 2x+1 % E J" 1
Let, l; =27 x®2+x+2  andlz=2 7 xZ+x+3
Now, | =1, — Iz .... Equation 1

We will solve 1; and |; individually.

IJ" 2x+1
ﬂ5|1=2

%2 +x+3

letu=x"+x+3=du=(2x+1)dx
1 (s
Slireducestozs u

Hence,

1 rdu 1

=] —==<-loglu|+C
|1=2 u 2

On substituting the value of u, we have:

25 log [x*+x+3|+C

l1 ....equation 2

1 1

| —dx . . . .
As, ;=2 I Z+x+2  and we don’t have any derivative of function present in
denominator. .~ we will use some special integrals to solve the problem.

As denominator doesn’t have any square root term. So one of the following
two integrals will help to solve the problem.

' J- L d 11 |X_a|+C“ J- L d 11: ‘1(X)+C
i x=—log|—— ii Xx=—tan |-
) x2— a? 2a gx-l—a ) x2+ a2 a a

Now we have to reduce I; such that it matches with any of above two forms.




We will make to create a complete square so that no individual term of x is
seen in denominator.

1 1
|2=5f dx

x®2 +x+3

1 1
2 f 1 1 1 dx
Shp=. (PR «(2) 1a-(2)

Using a +2ab +b? =(a + b)*
We have

1 1
E.[ z

(e (222)

dx

Iz =

S TR S (E)
I matches with f x2+a2 dx a fan a +C

(E]tall‘l (f—i%) +C}

2 2

(=

't -1 (23{4‘1)
=, =v11 V11 ... equation 3
From equation 1 we have
I=l—1;

Using equation 2 and equation 3:

z log|x®+x+3|+ —~ tan~?! (zil) +C
=2 V11 Vi1

Using equation 2 and equation 3:

F log|x*+x+ 3| — o tan‘l(zxf) +C
=2 v1l 1

MI

I

r —3
3/ dx
x2 4+ 2x — 4

Solution:




J" x—3
let | =7 x®+2x—4

As we can see that there is a term of x in numerator and derivative of x* is also
2x. So there is a chance that we can make substitution for x* + 2x —4 and | can
be reduced to a fundamental integration.

As we can see that there is a term of x in numerator and derivative of x* is also
2x. So there is a chance that we can make substitution for x* + 2x —4 and | can
be reduced to a fundamental integration.

m’i(x%rzx—-ﬂf) = 2x+2
Slet, x—3=A(2x+2)+B

=X—3=2Ax+2A+B

On comparing both sides we have, 2A=1=A=1/2

JA+B=—3=B=-32A=-4

1
Z(2x+2)-4
[ dx
Hence, | =7 x*+2x—4
1 2x+2 1
= dx—4 [

Now, | =1, —4l; ....equation 1

We will solve 1; and 1; individually.

E_[ Zx+2

As, |y =27 x2+2x—4

letu=x*+2x—4=du=(2x+2)dx
1

& |y reducestoz” u



du 1
= Gglul—l— C
Hence, |1 = 27 u

On substituting value of u, we have:

1 2 _
=2 log|x* +2x — 4| +C .... Equation 2

As, ;= I X +2\(—¢1- % and we don’t have any derivative of function present in
denominator. -~ we will use some special integrals to solve the problem.

As denominator doesn’t have any square root term. So one of the following
two integrals will solve the problem.

. 1 1 X—a . 1 1 4 (X
1)J-Xz_azdx=£1ng|m|+c11)J-X2+azdx=gtan (£)+C

Now we have to reduce |; such that it matches with any of above two forms.

We will make to create a complete square so that no individual term of x is
seen in denominator.

1
f wcz+2wc 4.- X I3 :j {x®+2(1) x+(1)%}- 2 -(2)?

dx

Using a’+ 2ab + b® = (a + b)*

We have:
1

——— dx

l; = J (x+1)2= (V5)°
1 1 a

I, matches with J xZ—aZ Z‘l wal TC

1 x+1—/5
ala =245 x+1+V/5 .. equation 3
From equation 1 we have
=1, —4l;
Using equation 2 and equation 3:

1 2 o oarl x+1—v/5

=3 log|x=+ 2x — 4| 4(25,,51133 x+1+'-.|'r5) +C




x+1—¥5

=51 log|x® +2x — 4| — %lﬂg

x+1+f5

2r — 3
4. / dx
J x% +6x + 13
Solution:

f 2x-3
Let | =7 x®+6x+13

As we can see that there is a term of x in numerator and derivative of x* is also
2x. So there is a chance that we can make a substitution for x*> + 6x + 13 and |
can be reduced to a fundamental integration.

Asd_(X +6x+13)=2x+6

Slet, 2x—3=A(2x+6)+B
= 2X—3=2Ax+6A+B

On comparing both sides

We have, 2A=2=A=1
6A+B=-3=B=-—3-6A=-9

f (2x+61—9
Hence, | =7 x®+6x+13
2x+6 1
o mdx—9 [
&= ‘-:3+6\c+13 %2 +6x+13

2X+6 f

Let, |1 Jﬂu:2+ﬁw¢+1a and |; = 12+5~:+13

Now, | =1 —9l; .... Equation 1

We will solve 1; and |; individually.

2X+6
Asll-[

12+61+13

letu=x*+6x+13 =du=(2x+6) dx



du
Slireducesto” u

Hence, |4 j_= lﬂglul-l- C

On substituting value of u, we have

2
, = loglx* + 6x +13] +C ....equation 2

As, |; = | eros 12+m+13 % and we don’t have any derivative of function present in
denominator. . we will use some special integrals to solve the problem.

As denominator doesn’t have any square root term. So one of the following
two integrals will solve the problem.

. 1 1 X—a . 1 1 4 (X
1)J-Xz_azdx=£1ng|m|+i:11)J-X2+azdx=gtan (5)4—(3

Now we have to reduce |; such that it matches with any of above two forms.

We will make to create a complete square so that no individual term of x is
seen in denominator.

N ooy

tz+ﬁt+13

1
=1, = f [x2+2(3) x+(3)%}+ 13 —(3)°

Using a® + 2ab + b® = (a + b)*

J”; dx
We have |; =" (x+3)2+(2)?

I S TR S | (E)
l> matches with -[ xZ+a2 dx a tan a +C

ltan? (E)
o G ;tan > ) +C .. equation 3

From equation 1
| =1, —9I;

Using equation 2 and equation 3:



2 _ g, _—1(xt3
|:108|X + 6x + 13| 9 Jtan (2)+C

2 B i
|:1G8|X + 6x + 13| ~tan (2)4—(3

xr — 1
5./ dx
J 3x2 —4x + 3

Solution:

Let | —f 31’3 Ax+3 dx

As we can see that there is a term of x in numerator and derivative of x* is also
2x. So there is a chance that we can make substitution for 3x? —4x + 3 and | can
be reduced to a fundamental integration.

As, d—(3x —4x+3)=6x—4%

Slet, x—1=A(bx—4)+B
=X—1=6Ax—4A+B

On comparing both sides

We have, 6A=1=A=1/6
—AA+B=—1=B=—1+4A=-2/6=—1/3

2(6x—4)—=
Je———2dx
Hence, | =~ 3x®—4x+3
1 Gx—4 _[

=6 3x2—4x+3 IxZ— =n+3

lj‘ ex—4 % EJ" 1
Let, I; =6 3x2-4x+3 and |; =39 3x2—4x43
Now, | =, — 7 ...equation 1

We will solve 1; and 1; individually.

lf 6X—4
As, |y =67 2x?—4x+3



Let u=3x*—4x+ 3 = du=(6x—4) dx

du
Sy reduces tc: 6" u

Hence,

du 1
|1—5 - 0g|u|+C

On substituting value of u, we have:

b 2 _
=6 log|3x” — 4x + 3] + C ....equation 2

1 2 _
=6 log|3x” — 4x + 3] + C ....equation 2

1 1

- ——dx . . i
As, l;=12 / 3xZ-4x+2  and we don't have any derivative of function present in
denominator. .~ we will use some special integrals to solve the problem.

As denominator doesn’t have any square root term. So one of the following
two integrals will solve the problem.

i) J-xﬂiaz Gg|—|+C 11)J- 2+a'2 —%taxl‘l(g)—kc

Now we have to reduce |; such that it matches with any of above two forms.

We will make to create a complete square so that no individual term of x is
seen in the denominator

=

[ = = dx

S e (R 2{—]\c+()}+1 (2)

Using a* + 2ab + b? = (a + b)*

X ——t+1

Slp= {on taking 3 common from denominator}

1 1
- ———— dx
9J1 z42 V5 =

We have I; = (x3) + (a ]

S S P | (E)
| matches with f x2+a2 dx = a fan a +C



WD | e

= E}

1 -1 K_E
—=tan™ | ZF |+ C
‘\-_ W

e Iz = 2

3 —
I, =——tan™! (
:l- g'\l‘J v

From equation 1:
I=1—1;

Using equation 2 and equation 3:

1 2 _ L 32
_ ¢ logl3x® —4x + 3| Seman (F)-I—C

| = =

E 2_ _ i -1 Ax-2
_ 2 logl3x* —4x + 3| S=tan ( — ) +C

Exercise 19.20 Page No: 19.106
Evaluate the following integrals:
. / 2 +x+1

rl —x

i

Solution:

gx:) +C= 3: tan™! (gxf) +C

...equation 3



z
I:fx +x+1dX

x% —x

Given

Rix)
ax?+bx+c

Pix)
Expressing the integral I ax?+bx+c dx = [ Q(x)dx +

J’x +:{+1
=
(x — l)x

2x+1 q
:J-[[X Dx + 1)dx

J‘ 2x+1 q +_J'1 q
= = Dx X X

j‘ 2x+1
(x—1)x

Consider

By partial fraction decomposition,

2x+1 A B

= = +
(x—1)x x—1 x

= 2x+1=Ax+B(x—-1)
= 2x+1=Ax+Bx—-B
=2x+1=(A+B)x—B
“B=-landA+B=2

SA=2+1=3

- 2x+1 3 1
Thus, (x—1)x =1 x




x—1 x

1 1
:~3J- dx—f—dx
Xx—1 X
1

Substituteu=x—-1 = dx =du.

1 1
:;vJ- dX=J-—dL1
x—1 u

f%dx =log|x| + c

= J-[ 5 —E)dx

Consider

We know that

1
J-Edu = log|u| = log|x — 1|

Then,

3f1d fld—31| 1 fld
= c— 19X L dx= (loglx ) L X

= 3(loglx — 1|) — log|x|

j‘ 2x+1
(x—1)x

dx = 3(log|x — 1|) — log|x|

Then,

2x+1
=
(x— 1)x

dx+J-1 dx = 3(log|x — 1]) — lﬂg|x|+J-l dx

We know that J 1 dx=x+c¢

J- ! dx+f1 dx = 3(log|x — 1]) — log|x| + x +
= S
(x— 1x ¢

1= f x2+x:1dx = — lﬂglxl + X+ 3(IDg|X_ 1)) +c

xZ —

2
—1
2. [&dm
J x2 4+ —6



Solution:

:sz+x—1
Consider x? +X—6
P(x) R(x)
- . dx = dx +
Expressmgthe|ntegralfatz+bw+c X= IQ(X) £ f ax?+bx+c

letx*+x—1=x*+Xx—6+5
J’xz-l—x—ld J’ xz—l—x—6+ 5 i
—1 _— =
XE—H{—E:X X2+x—6 XZ+x—6 X
[ (st 1)
) \x2+x—-6 X
o[ () [ 10
N Z+x—6/ X

f;

X2 +x—6

Consider

Factorizing the denominator,

1 1
—dx = J- d
:}J-x2+x—6 x (x—2)(x+3) x
By partial fraction decomposition,

1 A N B
—1 =
(x—2)(x+3) x—2 x+3

=1=A(x+3)+B(x—2)
=1=Ax+3A+Bx—-2B

=1=(A+B)x+(3A-2B)
= ThenA+B=0...(1)
And3A-2B=1...(2)
Solving (1) and (2),
2x(1)—>2A+2B=0
1x(2)—>3A-2B=1

5A =1

~A=1/5

dx



Substituting A value in (1),
=A+B=0
=1/5+B=0
S B=-1/5

1 1 1

Thus, G—2)(x+3) T 5(x-2) 5(x+3)

1f L. 1f 1
5 x—29%"5)x+3%

letx—2=u—>dx=du

And x+ 3 =v = dx =dv.

lJ’ld lj’ll:1
:}5 u . 5] v v
f%dx=10glxl+c

We know that
1

= Eloglul — %loghﬂ
1 1

= glﬂgbi— 2| - EnglX + 3|
1

= ¢ (loglx — 2| ~log|x +3])

Then,

1 1
= SJ-(m) dx + J- ldx=15 (E(lﬁglx— 2| — loglx + 3|))—|— J- 1dx

We know that J 1 dx=x+¢

= (loglx — 2| —loglx+ 3|]) +x +¢c

2 —
=57 "dx = —loglx + 3| +x+log|x— 2| +

x% 4+x—6

Orl=log|(x—2)/(x+3)|+x+cC



(1 — :1:2) d

x(l — 2x)
Solution:
1—x=
Given = f (l—lexdx

x2—1 X
Rewriting, we get = =(2x-1)

P(x) R()
Expressing the integralfaw%bwcdx =JQ@)ds+ ] ax?+hx+c
fe (s
= | ———dx = _—
xzx—1) 7 ) Gxzx—n T2/*

—lJ- X2 d+1f1d
xX(2x— l)x X

x—2 X
Consider - x(2x-1)

By partial fraction decomposition,

x—2 ;‘ﬁk+ B
:’ix(Ex— 1) x 2x—1

=x—2=A(2x—1)+Bx
= x—2=2Ax—A + Bx
=x—2=2A+B)x—A

SA=2and2A+B=1

SB=1—-4=-3
= x—2 _E_ 3
Thus,  x(2x-1)  x 2x-1
d
f(x 2% — 1) X

2 [La—s [
= XX EX—:I_X



1
Consider / de

1
We know that / Ldx= log|x| + c

1
= J-gdx = log|x|

fldx

2x—1

And consider

J’ 1 d—lJ-ld
T -1 T2 W™

[2dx =loglx| + ¢

We know that

J’ ﬂglul log|2x — 1|
= —
2
Then,
J’ X—2 d_EJ':Ld EJ- L
- x(2x—1) K=o | JUX w7 X

| 2x—1
— 2(loglx|) — 3 (%)

Then,

J’xz_l dx — 1J‘ X—2 d+1J-1d
7 ) x@x—1) xax— D& X



1 log|2x — 1| 1J‘
=3 (Eilﬂglr’il) -3 (T)) + 2 1dx

We know that | 1 dx=x+c

3log|2x— 1| x
gl | x
4 2

1—x? 3log|2x — 1]
(1—2x)x 4

2
x4+ 1
4.[ dx
J a2 — 5> + 6

Solution:

= log|x| —

X
+ loglx| + £+ C




2x—-5
Consider = (x*—-5x+6)

U=x>—5x+6—>dx = l_du

Let 2X—35

J’ 2Xx—5 J’EX—S 1 q
(x2—5x+ 6) dx = u 2x—5 "
1
=J-—du
u

We know that

f%dx =log|x| + ¢

1
= J-Edu = log|u| = log|x® — 5x + 6|

1
Now considerf x2—5%+6

1 1
——dx = J- d
:”J-xz—5x+6 Tl x-3x-2"
By partial fraction decomposition,

1 A . B
—1 =
(x—3)(x—2) x—-3 x—-2

=1=A(x—2)+B(x—-3)

= 1=Ax—2A+Bx—-3B
=(A+B)x—(2A + 3B)

=A+B=0and 2A+3B=-1

Solving the two equations,

=24+2B=0

2A+3B=-1

B=1



2A+3B=-1
B=1

S“B=-landA=1

= J-(x—3)l(x— z)dxzf(xi?,_xiz

_J’ld J’ld
T x=3% x—2
1

letu=x—3 > dx=du

1 1
=;~J- dX=J-—dL1
Xx—3 1

f%dx =log|x| + c

Consider

We know that

1
= J-Edu =log|u| = log|x — 3|

1
Similarly J =2 &%

letu=x—2 > dx=du

1 1
=;~J- dX=J-—dL1
Xx—2 1

f%dx =loglx| + ¢

We know that

1
= J-Edu = log|u| = log|x — 2|

Then,

= fﬁdx: J- (3—3)1(3—2) dx:f

=log|x — 3| — loglx — 2|

1
Xx—3

o

1
Xx—2

dx



J’ ¥x—1 J’ 2x—5 +3J’ 1 q
= - -
“ox+6" & —sx+6) ™ X2 —5%x+6

1
= E[Ic}gl:x:2 —5x+6])+ 3 (loglx — 3] —log|x—2)

log|x® — bx + 6| . 3loglx— 3| 3loglx — 2|
N 2 2 2

Then,

IXEH d 5f x—1 d+f1d
Z ) x2—sx+6 XZ—Ex+ 6 X

We know that J 1 dx=x+c¢

5f =1 4 +f1d
;1:, —_—
X2 —5x+6 X X
5log|lx®—5x+ 6| 15loglx—3| 15loglx— 2|

= + — +x+c

2 2 2

S5log|lx— 2|log|x—3 15loglx— 3| 15loglx— 2
_ 5log| 2Igl L, gl2 | gé | e

— 5loglx— 2|+ 10loglx — 3| + ¢

1 f g 5loglx — 2| + 10loglx — 3| +
1= | 5= ——dx=x—5log|x oglx c

:132
5. [ dx
J &2+ Tx + 10

Solution:



N

Given x2 +7x+10

Expressing the integral ewz+bt+c

[—2%) 4y = [Q(x)dx + [

R(x)
ax®+bx+c

J‘ J’ Tx-10
=
xﬂ+?x+1ﬂ Gr7xr10 T D&

J’ 7x + 10

X2+ 7x + :Lt:}':l}“JrJ-:LdX

J" Tx+10

Consider ¥ x2+7x+10

7x + 10 ——(2x+ 7) —

Let 2 and split,

29

J- 7x+10 J-( 7(2x+ 7)
= = —
X2 +7x+10 2(x% + 7x + 10)

?J’ 2x+7 d 29 1 3
2) x2+7x+10 2 Jx2+7x+ 10
J" 2u+7
Consider ¥ x2+7x+10
N=x2+7x+10 - dx = ——du
Let 2%+7
2x+7 J’ 2%+7 1
X = u
(x2+ 7x+ 10) u 2x+7

1
=J-—du
u

2(x2+7x+ 10)

dx

)



J’ 7x + 10

Z+Tx+ 1Ddx+f1dx

j Tx+10
Consider ¥ x2+7x+10

29

7
ot XT10=7 (2x+7) =7 and split,

L

29

7x + 10 7(2x+7)
-] o= |

C+T7x+10 57
7

2x+7 29 1

j 2x+7
Consider ¥ x2+7x+10

1

u=x?+7x+10-dx = du
Let 2x+7
2x+7 q J’Ex-l—? 1
= ¥ = 11
(x2+ 7x+ 10) u 2x+7

1
=f—du
u

1
We know that J Ldx = log|x| + ¢

1
= J-Edu = log|u| = log|x* + 7x+ 10|

1
) —dx
Now CDHSIdEf‘[xz+?x+1D

1 1
dx = J- d
:}J-x?-l—?x-l—lﬂ Tl xrE+s
By partial fraction decomposition,

1 A N B
— =
(x+2)(x+5) x+2 x+5

=1=A(x+2)+B(x+5)
= 1=Ax+2A+Bx+5B

= dx dx
2[:{24—?:{4—1[} 2 Jx2+7x+10

2(x2+7x+ 10) 2(x2+ 7x + 10)

)



= A+B=0and 2A+5B=1
Solving the two equations,
=2A+2B=0
2A+5B=1
3B=-1
~B=1/3andA=-1/3

-1

1

- f(x+ 2)1(x+ 5y dx = f (3(x+ 2) T3x+5)

1 1 q +1J’ 1 q
T 3)x+2% 73 x+5%
1
Consider / de

letu=x+2=>dx=du

1 1
=:~J- dx=J-—du
x+2 u

1
We know that IEdX = loglx| + ¢

1
= J-Edu = log|u| = log|x + 2|

1
Similarly | 759X
letu=x+5—>dx=du
1 1
=>J- d);:f—du
X+5 u

f%dx = log|x| + ¢

We know that

1
= J-Edu = log|u| = log|x + 5|

)ax



Then,

J- 1 J- 1 ; 1J- 11
= = e p—— —
2+7x+10 0 JxrE+5 T 3 x+29 73

B —loglx + 2| log|x+ 5|
B 3 3

Then,

dx =
X2+7x+10 X 2

J’ x+ 10 ?J’ 2x+7 29 1

7 29 —log|x+ 2| loglx+ 5|
= 2 R —
5 (loglx=+ 7x + 10]) 5 ( 3 + 3
7log|x? + 7x + 10| N 29log|lx+ 2| 29log|x + 5|
- 2 6 a 6

Then,

J’ %2 : J- 7x+ 10 d +J-ld
= —_ _

X2 +7x+10 X2+ 7x+10 X
We know that J 1 dx=x+¢

J’ 7x+ 10
X2+ 7x+ 10

dx-I—J-ldx

J

—7log|x*+ 7x+ 10| 29loglx + 2| . 29log|x + 5|

2 6 6

—7loglx + 2| log|x+ 5| 29log|x+ 2| 29log|x + 5|

Hence,

N+ 2
x + 5

+C

\ 7 2 29
J-}:‘-Elng|x +7X+1l:l|+ 5 log

Exercise 19.21 Page No: 19.110

Evaluate the following integrals:

X

d d
X2+7x+10 ° 2 ) x2+7x+10

1

dx

+5

X+cC



dx

a
Y
J Vx* + 6x + 10
Solution:

X
Given y X +6x+10

21 4x
Integral is of form ° vax®*+bx+c
Writing numerator as
=px+qg=A(2ax+b)+p
=X=A(2x+6)+
“A=1/2andpu=-3
Let x = 1/2(2x + 6) — 3 and split,

px+q=l[i(ax2+bx+ c)}+u

3

J’ X J’ 2X+ 6
VxZ4+ 6x+ 10 2WxZ+6x+10 x24+6x+ 10

X+3 1
=J- dx—3f dx
V24 6x+ 10 VxZ+6x+10

x+3

Consider ~ vx*+6x+10

n=x2+6x+10—dx=—du

Let 2x+6
X+ 3 1
= J- dx = J-—du
V24 6x+ 10 2+/u

_lJ’ld

)ax



x]l-I-J.

x'dx = +c
We know thatj n+1

171 1
= Ef\,-'_'ﬁdu =E(2\."'E)

== x2+6x+10

1

Consider * vx*+6x+10

1 1
:~J- dx=J- dx
VX2 + 6x + 10 JE+3)2+1

letu=x+3->dx=du

:}J-*(x+3)2+1 J- m

dx =sinh 'x + ¢

We know that ™ vx*+1

= du = sinh™*(u
J-w..uz-l-l ( )

=sinh (x+ 3)

Then,

X X+3 1
:~J- dx=J- dx—BJ- dx
V24 6x+ 10 VxZ4+6x+10 V24 6x+ 10

= Jx2+ 6x+ 10— 3sinh }(x+3) + ¢

X
~l= J- dx = x2 + 6x+ 10 — 3sinh~(x+ 3) + ¢
Vx2+ 6x+ 10

5 / 2x + 1 d
. x
J vVt +2x —1

Solution:




[ = J" 2x+1

——dx
Given VxE+2x-1

S o W

——

Integral is of form = vax®+bx+c

_ a4 2
Writing numerator as px+q=A [dx (ax”+ bx + c)} Tu

=px+q=A(2ax+b)+p
=X+1=A(2x+2)+pn
SAh=landp=-1

let 2x + 1= 2x + 2 — 1 and split,

J’ 2x+1 q ( 2x+2 1 )d
= X = - X
VZ4+2x—1 V24+2x—1 Vx24+2x—1

x+1

1
dx—f dx
Vx24+2x—1 Vx2+2x—1

x+1

Consider * vx*+2x-1

1

u=x’4+2x—1—-dx = du
Let 2a+2
x+1 q J’ 1 q
= x= | —=du
VxZ+2x—1 2yu

1J’ld
2 \,,fﬁu



n+i

xPdx=>—+¢
We know thatf n+1

171 1
—_ —_— = — II'_

e ——
1,,."'E= ~.~.'X2+2X—1

1

Consider ~ +x*+2x-1

dx

1 1
= dX=J-
J-qx2+2x—1 Jx+1)2-2



dx

! 1
= dx:f
J-\.-’m va'(x_‘_ 1)2—2

u=— - dx = V2du

L

f : d f 2
= I O
JE+1)2-2 V=2

du

_J-w"m

1 oL _1
We know thatf g,-ﬁdx cosh™x+¢c

1
=
[ 7=

du = cosh™*(u)

X+ 1)

2

= cc}sh‘l(
V

2x+ 1 q EJ- x+1
= % —
Then, VXZ+2x— 1

Xx+1
~ 2w a1 —cosht (20 4

V2

TV r2x—1

3 / r+1 ;
’ T
J VA+ 5z —a?

Solution:

dx —
VxZ+2x—1 VXZ+2x—1

2x+1
dx = 2% + 2~ 1 — cosh™?

1
dx

x+1)+
— ] +c
V2



x+1

dx

. I=[—=—
Given W 4+5x—x2

S s W

——

Integral is of form = vax®+bx+c

_ a4 2
Writing numerator as px+q=A [dx (ax”+ bx + c)} Tu

=px+q=A(2ax+b)+p
=X+1=A(-2x+5)+pn
SA=-1/2and p=17/2
letx+1=—1/2(-2x+5)+7/2

Xx+1 —2x+5 7
=:-J- d:{:f( + )dx
V—x2 +5x +4 2V—x2+5x+4 2V—x2+5x+4

1 —2X+5 7 1
=—J- dx+—J- dx
2) \—=x2+5x+4 2) —x2+5x+4

—2x+5

Consider = + —x*+5x+4

l=-x245x+4->dg=—du

Let —2%+5
=

—2x+5 1
J- dx = —J-—du
V—x2 +5x + 4 Vu
n+i

x"dx = — + ¢
We know that f n+1




_q 04 a2
Writing numerator as px+q=A [dx (ax”+ bx + c)} tH

=px+q=A(2ax+b)+p
=xXx+1=A(-2x+5)+pu
SA=-1/2andpu=7/2
letx+1=—1/2(-2x+5)+7/2

Xx+1 —2X+5 7
= J- dx = J-( + )dx
V—x2+5x+4 2V—=x2+5x+4 2V-—x2+5x+4

1 —2x+5 7 1
=—J- dx+—f dx
2) \—x2+5x+4 2) \J—=x2+5x+4

—2x+5

Consider ™ v -x*+5x+4

1

U=—-x*+5x+4-dx= du

—2X+3

Let
—2x+5 1
=:~J- dx=—J-—dL1

V—x2+5x+4 Vu

n+i

[xtdx="—+c

n+1

We know that

1
. [ du = —(24)

= —2x2+6x+10



7

f x+1 J‘ —2x+5

2\ —x2 + 5% T

_lf —2x+5 dx-l_?J‘ 1 2

—2X+45

: dx
Consider ~ v —x*+5x+4

1
—-2X+5

f —2Xx+5 f -
—au
vV—x2 + 5% +4

11+J.

n
We know that % n+1

-~ %du = —(2vu)

du

u'-—x +5x+4->ax=

Hig

= —2/-x*+5x+4
1
Consider de*"‘

” J-J—XE-I:—LSK-I—-ﬂ;dX: J-J—( 15)g+41d~'{




J- 1 d J’ V41l i
= <= | Y5 44
J ( 5)2 41 V41— 4102
2 4
= u
v1—u?

1 R
We knowthat-{ul—xzdx sin™(x) + ¢

J’ 14 | _1(2}{— 5)
= u = sin
Vi@ Va1

Then,

J’ x+1 lj‘ —2x+5
= dx = -
V—xZ+5x+4 2) V=x2+5x+ 4

= ——x2+5x+ -’-}+?(sin‘1 (EX_E)) +c
' 2 Vil

d —I—?J- ! d
XT3 X
2) y—x24+5x+4

x+1 / 7( . _,(2x—5
:II:J- dX=—v—Xg+5}i+4+§(51n ( ))4—.;

Vv—=x24+5x+4

4 6xr — 5 d
' H H
J 3z — 5z +1

Solution:

Va1



6xX—3
Given V3x7-5x+1

f 21 4x

Integral is of form ° vax®+bx+c

_ 108 a2
Writing numerator as px+q=A [dx (ax” + bx + c)} T

=px+q=A(2ax+b)+p
=6x—5=A(6x—5)+pn
SAh=landp=0

u=3x>-535+ 1->dx=—du

Let 6x—5

6x— 5 1
=‘:'J- dx=J-—du
JEXE—-5X4-1 Jﬁ

n+i

[x"dx = s +c

n+1

We know that

1
= fﬁdu= (2yu) + ¢

—2/3x2—5x+1+c

6x— 5 i
w1 = dx = 2y/3x2 —bx+1+c
V3x2—5x+1



du

n=23x?-6x+1-=dx= 1_
Let BxX—35

6x—5 1
;"*J- ; dX:J-,u_'_dU‘
v3x2—-56x+1 yu
n+i

x"dx="—+c
We know that f n+1

1
::J-\J,—Edu=(21ﬁ)+c

=23x2—5x+1+c

.-.I=J- dx =24/3x2—-bx+1+c
V3x2—5x+1

3x +1
. T
J /B —2x — x2

Solution:

5




3x+1
Given W —xF-2x+5

L B

—_—

Integral is of form = vax*+bx+c

_ 04 .2
Writing numerator as px+q=A Lix (ax® + bx + c)} i

=px+qg=A(2ax+b)+p
=3x+1=A(-2x-2)+pn
“Ah=-32andp=-2
let3x+1=—(3/2) (2x—2) -2

3x+ 1 —3(=2x—2) 2
(SN N
Vv—x2—2x+45 2V —x2—2x+5 +—=x2—2x+5

x+1 1
=3J- dx—EJ- dx
V—x2—-2x+5 V—x2—2x+5

x+1

Consider ~ +—x*-2x+5

dx

1
—2x—2

Let
x+1 1
=:~J- dx = J-——du
V—x2—2x+5 2yu
1

| &

du

u=-x*—2x+5-dx=




x+1

Consider = +—x*-2x+5
H=-—x2—2x+55dx=—du
Let —2x-2
J’ XxX+1 J’ 1 q
= = | ———du
Vv—x2—-2x+5 Vu

[xtdx=>—+c

We know that

1 1
- —ifﬁdu - —(v)

=—J—x2—-2x+5
1

Consider = +—x*-2x+5

1 1
=:~J- dx=J- dx
v—x2—2x+5 J6 — (x+1)2

J- . d f e 4
= X = | ——————dau
J6— (x+ 1)2 V6 — 6u2




1
= du
J-w.-l—u2

_ 1 4. ain-l
We know thatf «;ﬁdx =sin"(x) + ¢

1 Xx+1
= J- du = sin‘l( )

V1 —u? \.,"E

Then,

3x+1 x+1 1
=:~J- dx=3J- dx—zf dx
V—x2—-2x+5 V—x2—-2x+5 V—x2—2x+5

/ . (xT1
=—3\f—}{2—2}{+5—2(5111 ( @))—I_c
v

3x+1 x+1 1
=:~J- dx=3J- dx—ZJ- dx
V—x2—-2x+5 V—x2—-2x+5 V—x2—2x+5

x — X+1
=—3«¢—xﬂ—2x+5—2(51n ( 7z ))-I—n:
v

3x+1 / (X t1
:-I=J- dx = —34—x?—2x+ 5 —2sin” ( )+u:

V—x2—-2x+5 V6

Exercise 19.22 Page No: 19.114

Evaluate the following integrals:

1
1./ — —dx
| 4cos?x + 9sin”x

Solution:



I=] - X
Given 4cos?x+9sin® x

Dividing the numerator and denominator of the given integrand by cos®x, we
get

I J’ 1 q J’ sec x q
= [ = = | ——dx
4c0s¢X +9sin?x 4 +9tan?x

Putting tan x = t and sec®x dx = dt, we get

, J’ dt lJ' dt
— = [—
4+9t2 9 g+t2

1
We know thatj aZ+x2

dx = Ztan~! (E) +c
a a

1 T
= — J- —Xztan |3 |+cC
+t2 - -
3 3
lt _1(3t)+
=—tan " |(—|+¢c
6 2
lt _1(3tanx)+
= —tan C
6 2
I J’ 1 q lt _1(3tanx)+
= X = —tan C
4cos?x+9sin?x 6 2

1
2. / —3 dx
] 4sin“x + Hcos?x

Solution:



1

. I = dx
Given f4sinz x+5cos2x

Dividing the numerator and denominator of the given integrand by cos’x, we
get

I J’ 1 d J’ Sec<x
P X= | —dx
4sin?x + 5cos?x 4tan?x+ 5

Putting tan x = t and sec®x dx = dt, we get

dt 1 dt
ﬁhl: = — —
42+5 4) 24 (3
4

1
We know that f a2 432

1 d 1 1
;"—J- —=—-X—=tan"

4 t2+(z) 4 ¥s /5
2

1 ;
dx = ~tan?! (E) +c
a a

v 5|
_|_
(]

tan™

)+
——tan~

E\,"'E

1 2tanx
e () e

2v5

J’ q 1 t 1(2tanx)_|_
X =——=tan" C
-‘-}51112:{4—5-:05 X 24/5 /5

V
2
3. /—_dm
J 2+ sin2x

Solution:

. I = b4
Given f Z+sin2x

We know that sin 2x =2 sin X cos x

2 2
= J-2+ sinEde=J-2+Esinx cﬁsxdx



1
= J- , dx
1 +sinxcosx

Dividing the numerator and denominator by cos® x,

1 sec’x
= : dx = X
1+ sinxcosx sec?x + tanx

Replacing sec? x in denominator by 1 + tan® x,

sec’x sec’x
= X = dx
sec?y +tanx 1+tan?x +tanx

Putting tan x = t so that sec’ x dx = dft,

J’ sec’x i J’ dt
= X=| ——
tan?x +tanx+ 1 t24+t+1

1

IE S T | —1(5)
We know thatfazﬂzdx atan a T

W3 \..’E

; J’ BN 2 _1(2t+1)+
7 ] 24+ sin2x X_\E o V3 &
:itan 1(—2mui+1)+(.1

V3 V3

cos @
4, dx
J cos3x

Solution:



I:J" COSX dx

Given cos3x

J’ COSX q J’ COSX q
= X = X
cos3x 4c0s*x — 3cosx

1
= | ——dx
J--'-}cus?x—E

Dividing numerator and denominator by cos?x,

J’ 1 i J’ sec’x i
= — X = —— X
4cos2x—3 4 —3sec?x

Replacing sec’x by 1 + tan®x in denominator,

J’ sec’x J’ sec’x
= dx =
4 —3sectx 4—3—3tan?x

J’ sec’x i
= | ——dx
1—3tan?x

Putting tan x = t and sec’x dx = dt, we get

i J’ dt 1J’ 1 dt
) 1-3t2 3)i_p
3

1 1 a+t+x
We know thatj a2 —x2 dx = Elﬂg a7

lf P PO T ki N

= — =—X 0 C

3/-—z 372y g%_t
;

w3l




1 %+t
dt=—><—10 +cC
BELERTIE JTES i X
V3
1 1+\/'_t
log
2v‘_ 1—\!'_t
11 1+\/§tanx+
= ——10 L
03 gl—\@tanx
: jcosxd 11 1+\/§tanx+
ol = X =——I10 £
cos 3x 243 gl—\@tanx

Exercise 19.23 Page No: 19.117

Evaluate the following integrals:

1
1. /—dm
h+4cosx

Solution:



1
) I =
Given j S+4cosK

l—tan2§
COSX = ——
We know that +an®y

%
1+taan

:;J-—l d J- L d
X = o AX
5+ 4cosx 5+4(1t )

J- 1 +tan 3

= dx
X X

5 (1 + tan? E) + 4(1— tan? E)

Replacing 1 + tan?x/2 in numerator by sec’x/2,

1 +tan®- sect-

= J- < dx = J-—\._-EdX
1 + t:m2 + 4(1 — tan2-) tan®- +9
2
Putting tan x/2 = t and sec?(x/2) dx = 2dft,
sec’= 2dt
b=
tan2 - —|— 9 t2+9
[l

) t2+9

f;
We know that ¥ a2+x2

1 1 Lt
= Eft2+9dt: E(E)tan (§)+c

2 tanxz/2
= Ztan
3 3

1
2. /—_d:x:
J b —4dsinx

Solution:

dx = 2tan™! (E) +C
a a

=i + C




I=[—>

S5—4sinx

Given

2tan x

sinx = —zﬁ
1+tan >

We know that

—l d L d
:'J-S—-'-}sinx X_J-5_4(2t311§) X

1+t9.nZE
z

_J’ 1+ tan 3 d
N 5 (1 + tan? 5) —4 (2 tang) .

Replacing 1 + tanzxfz in numerator by secx/2,

J’ 1 +tan®- sec”;
= dx = J- dx
1 + tan2 —4 (2 tanf) 5 + 5tan? g —8 tang
2

Putting tan x/2 = t and sec?(x/2) dx = 2df,

J- sec?= 2dt
5+ 5tan?— — Stan— 5+ 5t2— 8t




We know that f

5/

1 = o
az+'{2dx _tan
271
zdt = g P
S

2 SDtanx/2 — 4
— —tan" ! ( /

1
3/ dxr
1 —2sinx

Solution:

3

)+c




1
) I =
Given f 1-Zsinx

) EtanE
sinx=——%
We know that 1+tan®
[Tzt = [y
= | ———dx= rdx
1—2sinx 1—2(2@:5)
1+tan -

_J- 1+ tan 3 i
N 1 (1 + tan? 3 -2 (2 tang) :

Replacing 1 + tan®x/2 in numerator by sec®x/2,

1 +tan®- sec<=
= J- X dx = J- X : % dx
1 + t:;m2 -2 (2 tan;) 1+ tan? B 4tan£

Putting tan :u:,('z =t and sec?(x/2) dx = 2dt,

J- sec?= 4 J- 2dt

= N = _—

1+tan?——4tan— 1+ t2— 4t
[t

STt —4t+1

I S S
(t—2)2—(V3)




o[ — 1 _a
(t—Z)Z—(v’?)

We know that / 52 az dx = —log

X+a

= Zj(t_z)zl_ (\@)zdt= 2(%)

(tanx —(2+ \5))
tanx + (2 +/3)

1 log
V3

.6

tan%— _

+ c
tan%—Z—l—\/g

\/50

1
4./ dr
decosx — 1

Solution:

log (

B2 3
tF2++3

)|+

C



[=[—

Given 4cosx—1

1—tan?>

COSX = -

We know that 1+tan®s
[ et = | s
= | ———— X = % QX

—1+4cosx _1+4( —tan:x)
l+tan

1 +tan"-
:J- X : X dx
-1 (1 + tan? 5) + 4(1 — tan? E)

Replacing 1 + tan®x/2 in numerator by secx/2,

J- 1 + tan 3 i J- sec”; i
= X= p X
—1(1+ tan2Z) + 4(1 — tan2%) —5tan?> + 3

tan> = tand-sec?(Y)dx = dt

Putting ™ = 2 2 ,

J- sec?= dt
= dx = J-

5t:m2 = + 3 3 — bt?

1f 1 dt

N 5 3_ T,2
1 1 atx

We know that / aZ_x2 dx = Emg o TC




tan® = tand-sec?(¥)dx =
2 2 2

Putting
sec”~ 2 dt
ﬂf 5tan2 f3—5t2
=§ g_tz
: 1 at+x
We knowthatfaﬂ—xzdx_ﬂlo -
3
2[ 1 g Tt
f dt ==| — |log +C
5 -_t2 5 Y 4E. 3 E—t
5 5
1 \.’§+\/_tan—
\/E \/_ \/_tan—
e L \/_+\/_tan-
= -
fdfcosx—l \/_ 51-;,111E ¢
5.
| ! ax

1-s5inx +Ccosx

Solution:



[=[——

Given 1-sinx+cosx
. 2tan x 1—tanZE
SINX = —22;_{ COsSX =
2=
We know that 1+tan®s and 1+tan®s

1 1
= J- 1 — sinx + cos de - J- 2tan> | 1-tan® dx

1 —_
1 +tanz§ 1 +tanz§

1 + tan? g

= dx
J- 1+ tanzg — Etang +1-— tan?g

Replacing 1 + tan®x/2 in numerator by sec®x/2 and putting tan x/2 = t and
sec’ x/2 dx = 2dt,

J- 1 +tanz§ seczg
= dx = J-—dx
1+tan?§—2tan§+ 1—tan?§ 2— Etang

Replacing 1 + tan®x/2 in numerator by sec®x/2 and putting tan x/2 = t and
sec’ x/2 dx = 2dt,

J- 1 —I—tanzg J- seczg
= dx= | ———=—dx
1+t3112§—2t311§+ 1—tan?§ 2 — Etang

2dt
:fz—zt

1
=J-mdt

We know that

f%dx= loglx| + ¢
f ! dt log|1l —t] +
= ———— = — —
T og c

=— lﬁgll —tan%l +c

1 X
1= J-l — sinx+c05xdx: —lngll—tanil T



Exercise 19.24 Page No: 19.122

Evaluate the following integrals:

1
1. /—d:t:
J 1 —cotax

Solution:

l-cotx

1
Let, | = | dx

To solve such integrals involving trigonometric terms in numerator and

J~ asinx+bcos x+c

denominators. If | has the form © dsin x+ecos x+f

Then substitute numerator as

d
asinx+ bcosx+c= AE (dsinx+ecosx+f) +B(dsinx+ecosx+c)+C

Where A, B and C are constants

1

We have, | =~ 17cotx Sinx

dx = f—mxl_l_ dx = f—smx dx

SiNX—COSX

As | matches with the form described above, so we will take the steps as
described.

. d . . :
. sSinx=A— (sinx — cosx) + B(sinx — cosx) +C
d .
_, sinx = A(cosx + sinXx) + B(sinx — cosx) + C {'" g COSX = — sinx }
_ sinx=sinx(B+A) +cosx(A—B) +C

Comparing both sides we have:
C=0

A-B=0=A=8B
B+tA=1=2A=1=A=%



SA=B=%
Thus | can be expressed as:

f % (cosx+sin x]+§ (sinx—cosx)

dx

| = gsinx—cosx

. f iz (cosx+sin x) dx 4 fiz (sinx—cosx) dx

sin Xx—Ccosx 5in Xx—Ccosx

1  (cosx+sinx) 1y (sinx—cosx)
2 [ {cosxteiny) L[ Leinxeoss) gy
-|+|- LEt Il =2 f f

sinXx—cosx and |2 =2 sinXx—cosx

=|=I|1+1;...equation 1

lf (cosx+sin x) dx

|, =2 sinx—cosx

Let, u =sin x—cos x = du = (cos x + sin x) dx

So, |1 reduces to:

1 du

1
=2l w = Sloglul + €4

1 .
EnglSlIlX cosx| + € ..... Equation 2

Ejﬂ (sinx—cosx) dx =%fdx

As, ;=2 sinx—cosx

X
ah=2" G Equation 3

From equation 1, 2 and 3 we have:

| zilﬂglsinx— cosx|+C, + g-l— C,

1 . X
ol _Elﬂglsmx— cosx| + S+C

1
2. /—dm
J 1 —tanx

Solution:



_f;dx

Let, | = 1-tanx

To solve such integrals involving trigonometric terms in numerator and

j- asinx+bcos x+c

denominators. If | has the form * dsin x+ecos x+f

Then substitute numerator as

d
asinx+ bcosx+c = AE (dsinx+ ecosx+f) + B(dsinx+ecosx+c) +C

Where A, B and C are constants

[——dx = friijdx= [ dx

1-tanx cosX—sinx
We have, = COSX

As | matches with the form described above, so we will take the steps as
described.

d , N
, COSX = Aa[msx —sinx) + B(cosx — sinx) + C
-n d — 3
_, 05X = A(—sinx — cosx) + B(cosx —sinx) + C {' e COSX = — sinx }
_,cosXx=—sinx (B+A) +cosx(B—A)+C

Comparing both sides we have:
C=0

B-A=1=A=B-1
B+A=0=2B-1=0=B=}%



SA=B-1=-%

Thus | can be expressed as:

i +=i +i —zg1
fz{cc:sx sin x) z{ccsx sinx) dx

| = (cosx—sinx)

2 (cosx+sin x) 2 (cosx—sin x)
[lostEnyg oy palosesny

(cosx—sinx) (cosx—sinx)

f {ccst+sm\c 1 r ({cosx—sinx)
Sletly =2 {cosx—sinx) and l; =2 {cosx—sinx)
=|=I;+1;...equation 1

1J~ {cosx+sin x) 1 r (cosx—sin x)

Sletly =27 (cosx—sinx) and |; =2 (cosx—sinx)

==l +1;...equation 1

(cosx+sinx) 1-.']

l; = 2 {cosx— smﬂ-:]

Let, u=cos x—sin X = du =- (cos x + sin x) dx

So, |; reduces to:

1 pdu 1
= 20 = Zloslul+G
~21o |cosx —sinx|+ C
ali= 298 1 ... Equation 2

{cosx—sinx)

(cosx—sin x) _l
As, |5 —zf dx =3/ dx

X
alh=2 " € J Equation 3

From equation 1, 2 and 3 we have:

_—; loglcosx —sinx|+ C; + J—E‘—I— C,

1 , X
1="3 log|cosx —sinx| + S+ C



dxr

/3—|—2cus:1:—|—4sin:1:
2sinx +cosx+ 3

Solution:

3+2cosx+4sinx

Let, | = f 2 sinx+cosx+3

To solve such integrals involving trigonometric terms in numerator and
j asinx+bcos x+c

denominators. If | has the form - dsin x+ecos x+f

Then substitute numerator as

d
asinx+ bcosx+ c =A£ (dsinx+ ecosx+f) + B(dsinx+ecosx+c) +C



d
asinx+ bcosx+ c = AE (dsinx+ecosx+f) +B(dsinx+ecosx+c)+C

Where A, B and C are constants

_[ I+2cosx+dsinx
We ha‘u"e, | =Y 2sinx+cosx+3

As | matches with the form described above, so we will take the steps as
described.

., 3+2cosx+ -‘-}sinx=Ai(Zsinx—l—msx—l—S)-I—B(Zsinx—l— cosx+3)+C
—3+2cosx+ 4sinx= A(2cosx— sinx) + B(2sinx + cosx+ 3) + C

.4 e

{-dxmsx— sinx }

— 3 +2cosx+ 4sinx = sinx (2B— A) + cosx (B+ 2A) +3B+C

Comparing both sides we have:

3B+C=3
B+2A=2
2B-A=4

On solving for A, B and C we have:
A=0,B=2andC=-3

Thus | can be expressed as:



f 2(Zsinx+cosx+3)—3

| = 2sin x+cosx+3

2sin x+cosx+3

f 2(2sinx+cosx+3) j- -3
| = 2sinx+cosx+3

(Zsin x+cosx+3) 1
-3 j'

X X P ——
Sletly = f 2 sin x+cosx+3 and ;= 2 5in x+cosx+3

= |=I11+1;...equation 1

E {2 S:in. 3{+CDS}:+3]
| f
—

2s5in x+cosx+3

So, |1 reduces to:



(Zsin x+cosx+3)
_2J

|1 = 2sin x+cosx+3
So, |1 reduces to:

l, = 2[dx =2x+C, Equation 2

1
—3_[.—
AS, |, = 2sin x+cosx+3

1
To solve the integrals of the form | asinx+bcos xtc
To apply substitution method we take following procedure.

We substitute:

X X
2tanz 1 — tan? 5
sinx = 7 and cosx = ——%
1+ tan?s 1+ tan?5
2 2
1
. —3[————dx
Sl = 2?sin x+cosx+3
1
—3 f zta.r% 1—tan? dx
2 5|+ 3 ﬁz +3
= |, = 1+tan®s 1+tan%
_[ 1+tanzz—;
= |, = 4-tan!—2{ + 1—t3112:—2{ + 3{1+ta112*1—;]

sec2t
_3-[2 2t E+:2+21t o dx
= |, = i an; an 2]



X 1 X
_tan; dt = —sec?= dx
2 = 2 2

3 f—
— (2t+2+t%)

As, the denominator is polynomial without any square root term. So one of the
special integral will be used to solve I..

_3_[ 1

— (2t+2+t%)

1
= |; = —3 f t2+2(1t+1)+1

1
= |; = —3 f t2+2(1t+1)+1 t

_3_[

“lz= {t+1 )2+1 -{ a’+2ab+b*=(a+hb)}}

As, | matches with the special integral form

1 1 X
dgx=—tan " "—+C
X%+ a2 a a

,= —3tan~(t+ 1)

Putting value of t we have:

—3tan~?! (tang + 1)

K P + C; ......equation 3

From equation 1, 2 and 3:

_ -1 X
2Xx+C; —3tan (‘can:2 + 1)

| = + G

apo2x— 3tan~?! (tang + l)

1
4. / dx
J p+gtanx

Solution:

+C




J- 1

LEt, | =" p+qtanx

To solve such integrals involving trigonometric terms in numerator and
J~ asinx+bcos x+c

denominators. If | has the form © dsin x+ecos x+f

Then substitute numerator as

d
asinx+ bcosx+c= HE (dsinx+ ecosx+f) +B(dsinx+ecosx+c)+C

Where A, B and C are constants

f dx = f —_sinx dx = f o dx

We have, | = P75 PHaaex pcos x+qsin x
’

As | matches with the form described above, so we will take thi
described.

, COSX = Ai(pcosx + qsinx) + B(pcosx +gsinx) + C

d
—, c0sX = A(—psinx + qcosx) + B(pcosx + gsinx) + C { ="

—, cosx = sinx (Bq—Ap) +cosx (Bp +Aq) +C
Comparing both sides we have:

C=0

Bp+Ag=1

Bgq-Ap=0



On solving above equations, we have:

q p
A=pP*+a*B=pP*+2* gnd C=0

Thus | can be expressed as:

- S S—— p ;
f D5ra2 (—psin x+q::usx)+m (p cosx+qsin x)
(p cosx+qsin x)
| -
f D5ra2 (—psinx+q cos:-:] J‘D3+q2 (pcosx+qsinx) .
(p cosx+qsin x) (p cosx+q sin x)
J‘ (—psin x+qCosx) dx T J- (pcosx+qgsinx
-« Let !1 = 2+q (p cosx+q sinx) and 2 p2+q (pcosx+qsinx

= |=1;+1,....equation 1

f (—psin x+qcosx) i
iy = P*'+q" (p cosx+qsinx)

Let, u=p cos x + q sin x = du = (-p sin x + g cos x) dx

So, |; reduces to:



q du q
= +qzlﬁg|u| +C,

|1:Pz+qz u _Pz

q | ;
ogl(pcosx + gsinx)| + C, _
&y =pP+e? ..... EQuation 2
cosx+qsinx
p (p as ) dx = 2 [
AS, l;, = p*+q®* (pcosx+qsinx) p*+q®

px
w 2 ql 2 1
5l =P7He® ..... Equation 3

From equation 1, 2 and 3 we have:

q

. px
+q210gl(p cosx + qsinx)|+ C, +

PZ +q2

+ C
| = p* ?

q
| =p*+g?

log|(pcosx + gsinx)| + ———+ C

pZ +q2

dx

5

[ Scosx+ 6
"] 2cosx+sinz+ 3

Solution:



J- Scosx+6
Let, | =~ 2cosx+sinx+3

To solve such integrals involving trigonometric terms in numerator and
f asinx+bcos x+c

denominators. If | has the form *© dsin x+ecos x+f

Then substitute numerator as

d
asinx+ bcosx+c = AE (dsinx+ecosx+f) + B(dsinx+ecosx+c) +C

Where A, B and C are constants

j SCOSK+6
We have, | =7 2cosx+sinx+3

As | matches with the form described above, so we will take the steps as
described.

.bcosx+6= Ai(zmsx +sinx+ 3) +B(2cosx +sinx+3) +C

_5bcosx+6 = A(—2sinx + cosx) + B(2cosx +sinx +3) + C

+ L cosx = sinx }
T dx o



—5cosx+6 =A(—2sinx+ cosx) + B(2cosx +sinx+3) +C

+ L cosx = sinx }
- -

_, 5cosx+6 =sinx (B—2A) +cosx(2B+ A) +3B+C

Comparing both sides we have:

3B+ C=6
2B+A=5
B-2A=0

On solving for A, B and C we have:
A=1,B=2andC=0

Thus | can be expressed as:

(—2sin x+cosx+2(2cosx+sinx+3)
I J dx

= 2cosx+sin x+3

2cosN+sinx+3

(—2 sin x+cosx) 2{Zcosx+sin x+3)
— X + dx
| =f 2 cosx+sin x+3 f

—2s5in x+cosx 2(2cosx+sinx+3
J J

& Lletly =7 2cosx+sinx+3 and |; = 2 cosx+sin x+3

=|=Il1+1;...equation 1

f (—2sin x+cosx)

l{ = 2cosxtsinx+3

let, 2 cos X +sinX+3=u



= (-2sin x + cos x) dx =du

So, |1 reduces to:
d
= =log|u| + C,
|1 = u

ol _log|2cosx+sinx+3|+C; Equation 2

_[ 2(2cosx+sinx+3)

AS: l; = 2 cosx+sin x+3

=>Iz=2de=2X+Cz ..... Equation 3

From equation 1, 2 and 3 we have:

=)Ig=2fd7{=2x+cz ..... Equation 3
From equation 1, 2 and 3 we have:

|=log|2cosx+sinx+3|+C; ; 2x+C,

~1=log|2cosx+sinx+3|+2x+C

Exercise 19.25 Page No: 19.133

Evaluate the following integrals:
1. / x cos & dx

Solution:



let | = [ x cosxdx

We know that,/u vdr = H/‘U dr — / (? f’;: rf.‘r) dr
£

Using integration by parts,

d
I :xfcosxdx— j(&xj cosx dx) dx
We have,f sinx = —cosx, [ cosx = sinx
=X X sinx—fsinx dx

= XSinx + cosx + C

2. /lug(m + 1) dx

Solution:



et I = [log(x+ 1) dx

That is,

I= J- 1xlog(x+ 1)dx

Using integration by parts,

I =log(x+ I)J-ldx—félog(xﬂ— l)J-ldX

1
We know that [1dx=xand [logx = -

1
=log(x+1) xx— J-x

XX
+1

X 1

Xx+1 _x+1

=xlog(x+1) — J-(l——) dx

=xlog(x+1) —x+log(x+1) +c

1
=kg&+i)xx—f;:zxxdx

Now,

X 1
AN T x+1
1
=xlog(x+1)—J(1—x+1)dx

=xlog(x+1) —x+log(x+1)+c

3. / x? log x dx

Solution:



Let | = | x3logx dx

Using integration by parts,

I=logxfx3dx—filogxfx3dx
dx

[ x"dx=— < - and [logx = =

X

We have,

- 1 B
Iogxxx——I x = dx

-4 -4
Iogxx—— f x*dx
_x“'! 1xx
B L gl
x* x4
—?logx—g—t-c

4, /:I:E‘T dx

Solution:



Let | = [ xe¥dx

Using integration by parts,

d
l=xfe dx—fgxfedx)dx

d
X — aX B o
We know that, 'f e*dx =e"and dx :

= Yxe* —je"dx

=xe* —e*+c¢
J. re’® dx

Solution:



ot 1= [ %e®*dx

Using integration by parts,

[ = xf e?¥dx — f(ixf e?*dx) dx
dx

nx 3, _ & L.
We know that,fe dx = n and X

xezx ezx
=3 1 2™
xezx EZx
=2 g ¢
% 2%
‘=(§‘z)‘-‘ e

Exercise 19.26 Page No: 19.143

Evaluate the following integrals:
1. / e’(cos @ — sinx) dx

Solution:



Let | = | e¥(cosx — sinx)dx

Using integration by parts,

=fe“ cosxdx—fe"sinx dx

d -
—COSX = —sinx
We know that, dx

d
=cosxf e”—J—cosx[e“dX —fe"sinxdx
dx
=e*“cosx+fe*“sinxdx—fe:‘sinxdx
=e*cosx+c

2./EI(L—E> dx
a2 a3

Solution:



1 2

Letl=fex(———)dx

x2 x?
= J- e¥x~2dx — EJ- e¥x3dx
Integrating by parts

d
=x‘2fexdx—f£x‘2J-e"dx—EJ-e"x‘gdx

We know that,

Xn+l
J- xdx =
n+1

=e*x 2+ Ej-exx‘gdx— Efe“x‘gdx

X

e
= E +c

Xn+1
J-x“dx=

n+1

=@ 24+ Ej-exx‘adx— Efe“x‘adx

1+ sinx
3. /EI (—) dxr
) 1+ cosx

Solution:



x [ 1+sinx
Let V= f EY(1+casx) dx

33 2 i . X X
sin“x+ cos“x = 1andsinx = 2 sin- cos-
We know that, 2 2

in2 = 2X 4 2sin> cos>
sin 2+CDS 2+231n2c032

— el'(
st23
2

- X\ ?
e* (3111§+ cos—)

. 2
= X
7 st
2C0S 5
2
1 sin%+cos%
=_e!'{ <
t:t::tsE
2
Lex[tan® 4 1]
= —e* |tan—
2 L2 ]
— efaNenz]
= —@ n—
rAl § ot
—le"{ r1+t:;11125-l-2t::mﬁ]
g L 2 2




= Eex [5«3«:"EE + Etanﬁ]
2 2 2

= g¥ [1 seu:zE + tan E] 1
= ¥ |5sec?S +tan ... (1)

X
Lot AN = f(x)

1 X
f'r = — 2—
(%) S sects

We know that,

f e<{(x) + £ (x)}dx = e¥(x) + C

From equation (1), we obtain

1+ sinx b4
¥ (—) dx = e*an—+rc
1+cosx 2

4, /EE(CD't x — cosec’z) dx
Solution:

Lot | = [ e*(cotx — cosec?x)dx
= J- e* cotxdx — IEKCOSEEEXdX
Integrating by parts,

d 2
=cotx | e*dx— Ecetx e*dx — | e*cosec xdx
= cotx e*+ J-e"caseczxdx—J-e"coseczxdx
=pe*cotx+C

xr—1
5. /EE dr
) 2x2

Solution:




Given

[#(=)e
e 252 X

—(axt v [ox 1
E,[I—fe —dx [e —dx

L

Integrating by parts,

o2 5
2% lax\2x/ | 2%z

EK+J'Exd J’e"d
2% 2%z % 2%z

Exercise 19.27 Page No: 19.149

Evaluate the following integrals:
1. [ e™ cos bx dx

Solution:



Let | = e* cosbx dx
Integrating by parts, we get
sin bx J' . Sinbx

B 4 B

[ =e**
Taking 1/b as common and a/b as common we get

1
=BeM sin bx——j sin bx dx

Now again by using integration by parts, we get

1 L, COSbX cosbx

=E E'““511'11':!:«:——[ +afe"“‘ b d}(]
22

=5 —e**sinbx + b—ze"“‘ cosbx _b_zf e®* cosbx dx

By computing,

ax aE
I —ﬁ[bsinbx+ acos bx] _FH- C
ax
2 FE [b cosbx+ acosbx] + ¢

2. / e sin(bx + ¢) dx

Solution:



Let | = J e sin(bx + ¢) dx

cos(bx+c¢ cos(bx+c
= —@¥ ( )+fzu::‘=‘“‘c L )dx

b b

Now taking common

1 a
= —Ee“cos(bx +c) + Ej e** cos(bx +¢)

On integrating we get

ax az

[i= =3 {asin(bx+ c) — bcos(bx+ )} — ﬁi + ¢,
By computing the above equation can be written as
eax

a? + b? . _
| = T e, {asin(bx+ c) — b cos(bx+ c)} + ¢,

ax
2% + b2
3. /cus(lug x) da

{asin(bx+ c) — b cos(bx+ ¢)}+ ¢4

Solution:



Lot | = [ cos(logx) dx

Let log x=t
1
—dx = dt
X
dx = x dt
= f etcostdt
ax
W kriow that,feax cos x dx = a:+b: {asin(bx + c) — b cos(bx +

Hence, a=1, b=1

Et .
SD,I = [cost+ sint] + ¢
Hence,
Elugx
J- cos(logx) dx = > {cos(logx) + sin(logx)} + ¢

X
I= 3 {cos(logx) + sin(logx)} +c

4, /Eh cos(3x + 4) dx

Solution:



Lot | = [ e**cos(3x + 4) dx

Integrating by parts

sin(3x+ 4 sin(3x+ 4
(3 )_[292,{ (3 ) e

[=e

1 2
= Eez"sin(Sx + 4) _§f e?*sin(3x + 4) dx

1 2 cos(3x+ 4 cos(3x+ 4
=§ezxsin(3x+ 4) ——{—ez‘“ ( ) + f 2e%% ( ‘-

3 3 3
2 B . 2\ 4
| = —e**sin(3x+ 4)+ — e“*cos(3x+4) —— I
3 9 9
Hence,
2x

b
I = E[Z cos(3x+ 4) +3sin(3x+4)] +c¢

5. /Ehsinmcusmdm

Solution:



Lot | = [ e**sinxcosxdx

1 2
=EJ-E *2 sinxcosxdx

1
= EJ- e?*gin 2x dx

We know that,

ax

e
J- e®*sinbxdx = R {asinbx— bcosbx}+c
EEx

= ?{2 sin2x — 2cos2x}+¢c

1 e2¥
[=——{2sin2x— 2cos2x} + ¢

2 8

Eﬂx

I = ?{sin 2X — COS2X} +¢C

Exercise 19.28 Page No: 19.154

Evaluate the following integrals:

1. /V’a3+2m—m2dm

Solution:



Let, | = [V3+2x-xZdx

=B —2)xdx = [3-(x2-2(1x+ 1) +1dx

Using a?—2ab +b? = (a- b)?

We have:

= Vd—-(x—-1)2dx = [22—(x— 1)%dx
As | match with the form:

=4
[Vaz—x2dx = gw’az —xZ + E‘?5111‘1 G) +C

By using above form and simplifying we get

x—1 4 -1 x—1
=2 Ji—(x— 1)2+-sin™ (=) +C

- I=§(x— 1)V3+2x—x2+ 2sin? (%)-l—c

2, /sz—l—m—l—ldm
Solution:

Let,|=fxf(xg+x+ 1) dx

o ez @ xe (@) - () e

Using a* + 2ab + b*> = (a + b)?

We have:



We have:

2

e et = () (D) a
As | match with the form:

2
[V ax= Ve a + Slog [+ i a4 C

L o (O ) e (D]
=}I=‘—t[2x+ l)u’m—l—glﬂg (:,H_é)_'_ J(X+$)E+(Z—@)E e
L ix+ DV Fx I+ 2log|(x+2) + VB rxF I+ C

3. / Vm dx

Solution:



let, 1 = J Vx-x?dx

LI e2()n)ax= 1 (e -2()xr (0)) &

Using a®—2ab + b% = (a - b)?

We have:

|=fmdx = IJGJE— (x—2) ax

f —— 2
J Va2 —x2 dX=§w’ﬂ +%Sil‘1_1(§)+ﬂ

As | match with the form:

:-:—i 1 2 1 2 1 x_i
= G) —(x-3) +2sm (3R +c
= 2 2 2 2 I

o3 (2x— DVx—xZ +2sinH(2x—1) +C

- = jt (2x—1)vx—x2 + g sin"}(2x—1) +C

4. [u“’1+m—2m2dm

Solution:



Let,|=fu’1+x—2x2 dx

ad 12l 2@ - 1 fi-2(e -2 (s () +2() &

Using a?—2ab+b*=(a-b)?

We have:

|=IJ§_2(X_?DE dx = fw’EJ(gjz—(x—i)zdx

= 2
va? —x? dX=;—{waz—X2 +%sin‘1e)+c

As | match with the form: f

"ﬁ{x—j (E)z — (x—i)z + %sin‘l[x—;) }+C

Sl= 4

e Pl ()] e () 4 0
== é (4x— DVI+x—2x2 + %sin‘l (4}:1) +C

5. /cus x\/4 — sin’x de

Sol;.ltion:

let | = [ cosxv4-sinZxdx

Let, sinx =t
Differentiating both sides:

= cos xdx =dt



= cos X dx =dt
Substituting sin x with t, we have:

np=)Va—tdt = [V22 —t2dt

2
: fa2—x2dx=>+aZ — xZ + sin™? (5)4—(]
As | match with the form: j v 2 Vv 2 a

L 41t
-‘-I=2*~’4 (t)2+25111 (2)+C

Putting the value of ti.e. t =sin x

1, | —r——— . sinx
-sinxvy4 —sin?x + 2sin 1( )—H’J
=|=2z 2

Exercise 19.29 Page No: 19.158

Evaluate the following integrals:
—
1. /(:I:-l— vx?2 —x+ 1dx

Solution:



_q 82
LETUSHSSL.ImEX_‘_l_ldx(X X+1)+p

d d d
=X+ 1=l[ﬁ(xz)—£(x)+£(l)]+ H

d

We know dx (x7) = nx"

and derivative of a constant is 0.
=x+1=A(2*1-1+0)+p

=xXx+1=A(2x—-1)+p

=X+1=2x+p—A

Comparing the coefficient of x on both sides, we get

1
M=1=1=3

Comparing the constant on both sides, we get

p—A=1
L 1
= 5=
3

1 3
Hence, we have X T 1= E(EX_ 1) *3

Substituting this value in |, we can write the integral as

1 3 ———
I=J-[EKEX—1)+E]-\.'X2—X+ 1dx



1 —_— 3
=:~I=J-[§(Ex— 1)yx2—x+ l-l—i«\fx?—x-l—l dx

1 — 3 —mm8 —
== J-E[Ex— 1)yx2—x+ 1dx+ J-vaz_?ﬁ‘ 1dx
1 — 3 ——
== EJ-KE:{— 1)yx2—x+ 1dx + EJ-V:{?—:H— 1dx

Lot 1 = if(zx— DVxZ —x+ 1dx

Now, putx*—x+1=t
= (2x— 1) dx = dt (Differentiating both sides)

Substituting this value in |y, we can write

1
I, == /tdt
-1
lJ’ 1“:1
= [, == | tzdt
172
x]'.l.+J.
We know that Jx"dx= s T
1
: 1{ 1zt
SL==-|—|+c
2\1
E+l
3
1{ tz
2



3
2

TR

=[=-X-tz+cC

3
2

=[=-1z2+cC

L = A

1 3
.-.Ilzg(xz—x+ 1)z+c

3
Lot 2 =35 J VX2 —x+ 1dx

We can write

xz—x-l—l:xz—z[x)e)-l—(

2



:{z—x—t—l:xz—Z{x}( )-F(})z—(z)z—t—l

1
We can write 2 2

, 1 1
=X —x+1=(x—5) —se=f 1

o | ( 1) +3
= X" —X =|xX—= e
2/ 4

o ( 1)E+ 3
= s = _— —&

Hence, we can write I; as

J[2x—=1 3 4 ——
=>Iz=—[ xz—x—tri—l——111|x———f—vxz—x—l—1”+c

& 4 8 2~

3 9 | —
=1, =§(Ex—l)ﬁxz—x+1+ﬁln|}{—i+ VX2 —x+ 1|+n:

Substituting I, and Iz in |, we get
1 3 3 — 9 |
I=§(x2—x+ 1)2+§(2:{—l)v:x:?—x+l+ﬁln|x—§+vx2—x+l +c
Thus,
2
f[x-l—l)w.,’xz—x+1dx=é(xz—x—l—1)E+§(2x—1)y’x2—x+l-l—

%lnlx—i—hﬁx?—x-l—l +c



2. /(:I:+ 1)\/2x%2 + 3 dx

Solution:

et | = J(x+ 1)V2x2 + 3dx

— 19 (9.2
Let us as-zsun'matx_'_1 _ldx(zx +3)+u

d d
T 2
=-x+1—l-] (2:a{)+1 (3)]+u

- d d
o 2
=X+ 1=2 -2—1 (x )+—dx(3)]+u

A

ny n-—1
We know dx (x") = nx

and derivative of a constant is 0.
=x+1=A2%x2x**+0)+n

=>Xx+1=A(4x)+

=X+1=4Ax+p

Comparing the coefficient of x on both sides, we get

1
M=1=2=3

Comparing the constant on both sides, we get



1
A=1=2=
Comparing the constant on both sides, we get
=1

1
Hence, we have ¥ 71 =3 (4x) +1

Substituting this value in |, we can write the integral as

1=fE(4x)+ 1]\/mtjx
ﬂlzf[%(4x)m+\/m1dx



1 —— ——
== J-E(4X)V2x?+3dx+f\;2x2+3dx

1 —— —
== EJ-["—}X)\.' 2x%2 4+ 3dx + J- Vv2x? + 3dx

1
et 11 =3 [(4x)V2x2 + 3dx

Now, put 2x*+3 =t
= (4x) dx = dt (Differentiating both sides)

Substituting this value in |, we can write

1
I, ZEJ-\."Edt

1 1
= Il = E[tidt

n+i

n _ X
We know thatjx dx = n+i tcC
1
: 1( tz*™
=L =-—]+c
1\ 1
2+2L
3
1( 12
2
I L Eta-i—
=], =—-%Xx—-tZ+cC
17473
1 3
=, =—-tz4cC
1 6

1 3
“ I = 6[23{2 +3)z+c
Lot I = [ V2x2 + 3dx

2 _ 2,3
"v.r"l.nfen::an’f.n.rrite2:"1 +3_2(X +z)



2
’3
= 2x*+3=2|x"+ 3

Hence, we can write |; as

2

3 ' 2
N
[VxTratdx=2VxZFal + TInfx + Va2 ¥ aZ| +

:2 -
2 3 '
3 2 3
In[x+ [x%2+ 2 +c

N N

I. =2 X_ 2_|__3_|__31 + 2_|__3 +
= =
2 Y 5 X 5 411){ X 5 C

X 3 3
=L =V2|——=y2x2+3+ Infx+ (x2+-||+c
I PN 2% 2 2
X —— 3 3
sl =-42%2+3+—In|x+ [x2+|+cC
2 242 2

Substituting |, and Iz in |, we get

1 3 X 3 3
I=—(2x*+3)2+-y/2x2+3+—In|x + ’x2+—+c

Thus,

We know that

2 X
(x+ DV2x2 +3dx =~ (2x2+3)z2 + SV2x2 + 3 + —In +c
6 2 242

X+ fxz-l—g




3. /(2:1: —5)V2 + 3z — x2dx

Solution:

et = [(2x—5)v/2 + 3x —xZdx

e _qd .
Let us assume 2X ~ 5 = A (2 +3x—x7) +p

d d d
= 2x—5 =1[E(2)+E(3x)—aﬁxz)]+ '

d d d
= Ex—5=l[ﬁ(2)+3ﬁ(x)—£(}1 )]"‘ 1

d
We know dx

n—1
and derivative of a constant is 0.

(x™) = nx
=2X—5=A(0+3-2x*Y+pn
=2X-5=A(3-2x)+pn

= 2x—5=-2Ax+3\+

Comparing the coefficient of x on both sides, we get
—2A=2=A=-1

Comparing the constant on both sides, we get
3A+pn=-5

= 3(-1)+pu=-">5

=-3+u=-5

Lp=-2

Hence, we have 2X —5 = —(3—2x) — 2



Substituting this value in |, we can write the integral as
I = J-[—(S—Ex) — 242 + 3x — x2dx
ﬁ1=JT—@—ng2+3x—xL—mm4{m—xﬂdx

= 1= —J-(E— 2%)\2 + 3x—x2dx—f2v2+ 3x — x2dx

== —J-(B—ZX)VZ-I— BX—xﬂdx—J-ZvZ-l—Ex—x?dx
== —J-(?:—EX)VE-F BX—xzdx—Efvzﬂ—Sx—x?dx
letls = — [(3— 2x)V2 + 3x —x2dx

Now, put 2 +3x—x*=t
= (3 — 2x) dx = dt (Differentiating both sides)

Substituting this value in 1, we can write
Il:: _'J‘Nﬁdt

1
=§Il:= _'J‘tidt

xl'.H'J.

n —
We know that j xtdx = n+l T

1

tzt1
:~Il=—l +cC

i+1

3

tz

2

| L

4
_-

I

I
W] b
—t
_|_
(]



2 3

2 i3
--Il=—§(2+ 3x—x")2+c

et I, = —2 [ V2 + 3x— x2dx

We can write 2+ 3x —x* = —(x* = 3x — 2)

:~2+33—x2=—x2—2(x)(g)+(
(3% 9
=:~2-|—3:{—x2=—_(x—£) i
(3 17
=~,~2+3:{—x2=—_(x—§) -7
=:~2+3x—x2=E—(x—§)2
4 2
. (VITY 3)2
= 2+3Xx—X :(T) —(X—E)

Hence, we can write |; as

e (D) Y

3

:

2

2

) -

3

2

)7



[ 3 3 32
= X—X _x (x)z > >
[ 3 9
=2+3x—x"=— (x——) ———El
i 2 4
[ N 17
2+3x—x2=— ( __) _
= X—X _x > 2
17 32
2 +3x— z=__( __)
= X X 4 X 9
. (VITY 3,2
2+3x—x2= (L _( __)
= X—X (2) X3

Hence, we can write |; as

e[ () Y e

X 32 . —1 X
JVa?—x2dx=-Va?—x2+ —sin'-+c

We have
' 17\’ ‘
3 N2/ 3
: E(X_E) V17’ ( 3)2+(2)._1 |
= 5 = 2 2 X 2 2 S11 \."'ﬁ C
2

[2X — 3

L= 2 e e st (S )| +
= = — X—X — 5in C
: L 4 8 17

A




1 17 2x—3
=1, = —E(ZX— 3)J2+ EX—XE—TSin‘l( Nk )—|—.:

Substituting I; and I; in |, we get

12
3

2 1 — 17 2x — 3
(2+3X_X2)5_E(2X—3)v2+ 3X—x2—Tsin‘1( )+c
A"

Thus,
=
[(2x—5)V2 + 3x— x2dx = —E(E+3x—x2)ﬁ—%(2x— V2 +3x—x2—

17 . _ 2x—3
—sin 1( _)+c
4 17

W

3
[(2x—5)VZ+3x—xZdx = —=(2+3x —x%): — - (2x— 3)V2+ 3x — X7 —

17 . _ 2x—3
—sin 1( _)—I—c
4 v 17

4. /(m+2)vm2+m—l—ldm

Solution:



et ] = [(x+2)VxZ+ x+ 1dx

— 219 (x2
letusassume X T2 = A5 (X +x+ D+

d d d
:~x+2=l[ﬁ(x2)+£[x)+ﬁﬂl)]+ "

d
We know dx

n—1
and derivative of a constant is 0.

(x™) = nx

=X+2=A(2*1+1+0)+p

=xX+2=A(2x+1)+p

=X+2=2Ax+A+p

Comparing the coefficient of x on both sides, we get
1

N=1=4=3

Comparing the constant on both sides, we get

A+p=2

1 3
Hence, we have ¥ 2 = ;(2x+ 1)+

Substituting this value in |, we can write the integral as



l=fE(2x+ 1) +§]fo2 +x + 1dx

1 3
== f[§(2x+ 1)Jx2+x+ 1+§\/x2+x+l]dx

| 3
=Y = j§(2x+ DVx2+x+ 1dx+f§\/x2+x+ 1dx

1 3
= I=§f(2x+ 1)yx2+x+ 1dx+§fJx2+x+ 1dx

Lot 11 =%f(2x+ 1)vVx2 + x + 1dx

Now, put x> +x+1=t
= (2x + 1) dx = dt (Differentiating both sides)

Substituting this value in |3, we can write

1
=2 [
=5 vt
IJ‘ ld
=» |; =~ Idtzdat
>
£ _xn+1
We knn:1+'amrtha§1'[IX dx = n+1 T €
1
I 1{ &+
=1,= +C
2\ 1



I
|

I
|

J
[

e Il =

Let I

I
fa | =

I I
L= B
—t

|z—|'
Fal @a
+
™

Bl wa

—t
_|_
]

®
L] bo Bl

k3| L
_|_
1

1 3
E(XZ-I-X-I- 1)z2+c

=§f\,’x2+x+ 1dx



3
Lot Iz =3 J VX2 +x + 1dx

x2+x+1=x2+2(x)®+(5)2—(5)2+1

We can write 2

2

1
:~x2+x+1=(x+—) ——+1
2/ 4
“+x+1 (+1)2+3
= X" +X =|xX+= —
2/ 4
2
“+x+1 (+1)2+ £
= X X =Xz —
2 2

Hence, we can write |; as

23 ) (D)

Z
VXZ+aldx = Ew’xz +az+ %111'1{ +vx?+a?|+c

Weknowthatf
1_3(“5) (+1)2+ V3
) XT3 2

EE
2 1 12 (V3
+ 2 In (X+E)+ (X+E)+(?) +c

3(2x+1 —— 3 [ —
=:~IE=£[ 3 \fxz—I—x—l—1—|—§111|x—|—§+\;:{2+x+1”+c

3 — 9 1 ——
=1, =§(Ex+ l)vxz—l—x-l—l-l—ﬁln|x+£+ JxI+x+ 1|-|—c

Substituting I, and l; in |, we get

1 3 3 ——— 9 1 —
I=§[x2+x+ 1)§+§(2x+ 1)4/x2 +x+l+ﬁlll|}{+£+ VEZ+x+1[+c



1 3 3 — 9 1 ——
I=§(x2+x+ 1)§+§(2x+ 1)4/x2 +x+l+ﬁln X4+ VXZ4+x+1|+c

Thus,

2
[(x+2)VxZ+x+ 1dx = El[xz—l—x—l— l)E—I—g[Zx—I— DVxZ+x+ 1+
%ln|x-l—$+fx2 +x+1|+c
Exercise 19.30 Page No: 19.176

Evaluate the following integrals:
L 2¢ +1 d
. x
J (x+1)(x — 2)

Solution:




Here the denominator is already factored.

So let
2x+1 A B |
(x+ DEx—-2) x+ 1 T x=2 M
2x + 1 _A(X—E)+B(x+ 1)
T+ DE-2) &+ DE-2

= 2x+1=A(x—2) +B(x+ 1)...... (ii)

We need to solve for A and B. One way to do this is to pick values for x which
will cancel each variable.

Put x = 2 in the above equation, we get
=2(2)+1=A(2-2)+B(2+1)
=3B=5

Now put x =—1 in equation (ii), we get

=2(-1)+1=A((-1)-2)+B((—-1)+1)

We put the values of A and B values back into our partial fractions in equation



(i) Now replace this as the integrand. We get
[+ 55l
+1  x—21%
1
3
+
- J- X+1 X
Split up the integral,

-3/ el 5 =l o

Let substituteu=x+1=du=dxand z =x— 2 = dz = dx, so the above
equation becomes,

- 5/ o+ 5/ Bl

On integrating we get

dx

| el o

2

1 5
= 510g|u| + 5108|3| + C
Substituting back, we get

1 5
= Elﬁgh{ + 1| + 510g|:{—2| + C

The absolute value signs account for the domain of the natural log function
(x>0).

Hence,

2x + 1 q
(x+ 1xE—-2) X

1
2. / 2@ —2)(x—1) "

Solution:

1 5
= Elogh{ + 1] + 510g|x—2| + C




In the given equation the denominator is already factored.

So let
1 A B C |
x(x—2)(x—4) “x Ttz TxmarW
1 B Ax—2)(x—4) + Bx(x—4) + Cx(x—2)
- x(x—2)(x—4) x(x—2)(x—4)

=1=Ax—2)(x—4)+Bx(x—4)+Cx(x—2)...... (ii)

We need to solve for A, B and C. One way to do this is to pick values for x which
will cancel each variable.

Put x = 0 in the above equation, we get

=1=A(0-2)(0-4)+B(0)(0—-4)+C(0)(0-2)

=1=8A+0+0
A 1
= = —
8

Now put x = 2 in equation (ii), we get

=1=A(2-2)(2-4)+B(2)(2-4)+C(2)(2-2)

~1=0-4B+0
. 1
=BT Ty

Now put x = 4 in equation (ii), we get

=1=A(4-2)(4—4)+B(4) (4—4)+C(4) (4-2)

=1=0+0+8C
C 1
- *%3

We put the values of A, B, and C values back into our partial fractions in
equation (i) and replace this as the integrand. We get



We put the values of A, B, and C values back into our partial fractions in
equation (i) and replace this as the integrand. We get

f[*"*+ 5, C]d
X XxX—2 X—4 x

i 1 1
::rj-ﬁ—i— 4+ 8 |4k
X J—

Split up the integral,

> 5 Flo-3) =gl o+ 5/ [

Let substituteu=x—4 = du=dxand z = x— 2 = dz = dx, so the above
equation becomes,

s o2/ Flee + 5 [
~ 8 ) 1 T g ) [l
On integrating we get

11 11 + 11 + C
:. J— —_—— |

=log|x| - 7log|z| + Zlog|ul
Substituting back, we get

1 1 1
= glnglxl—gloglx— 2| + gluglx— 4] + C



1
We will take e common, we get

1
= g[loglxl— 2loglx— 2| + loglx — 4| + (]

Applying the logarithm rule we can rewrite the above equation as
1 '1 X

= —|log|———

Slx—2)2
X(x—4)
(x—2)2
X(x— 4)
(x—2)2

+ loglx — 4| + C]

!
o0

ool = e

log ]-I—C

!

log ]+C

The absolute value signs account for the domain of the natural log function
(x>0).

Hence,

X(x—4)
(x—2)2

The absolute value signs account for the domain of the natural log function
(x=0).

=:~—0g| ]-I—C

Hence,

fx(x— zj)L(x— & = 3[ gl}({f 2;}3] te

2
+x—1
32/£_jL_dm
2 +xr — 6

Solution:



First we have to simplify numerator, we get
x2+x—-1
X2+ x—6

x2 +x—-64+5

X2 +X—6
x2 +x—6 5
=xz+x—6+x2+x—6
5

il
[

+ —-—
Xt + X—6
Now we will factorize denominator by splitting the middle term, we get

5
+ N
X2 +x-6
The above equation can be written as

5
+
X2 4+ 3x—2x—6

|
=

By taking factors common

5
T Xx+3) -2+ 3)

b
T Gr)E-2)

=1

=1

Now the denominator is factorized, so let separate the fraction through partial



5
X(x +3)—2(x + 3)

5
T ErIE—2)

=1+

=1

Now the denominator is factorized, so let separate the fraction through partial
fraction, hence let

5 A B |

(x + 3)(x—2)_x+3+x—2 """ ()
5 _A(x—2) + B(x + 3)

T x+3)E-2) x+3)E-2)

— 5=A(x—2) + B(x + 3)...... (i

We need to solve for A and B. One way to do this is to pick values for x which
will cancel each variable.

Put x = 2 in the above equation, we get
=5=A(2-2)+B(2+3)

=5=0+5B

=B=1

Now put x =— 3 in equation (ii), we get
=5=A((-3)-2)+B((-3)+3)
=5=—05A



=A=-1

We put the values of A and B values back into our partial fractions in equation
(i) and replace this as the integrand. We get

f[1+ A B]d
X+ 3 X—EX

f[1+ -1, 1](1
= ¥+ 3 Xx—2 X

Split up the integral,

C 1 SR
ﬁfldx—fj{_i_a_dxﬂ—f}{—_z_dx

S SR
ﬁfldx—f}{+3_dx+fx—_2_dx

Let substitute u=x+3 = du=dxand z=x—2 = dz = dx, so the above
equation becomes,

- froce s [

On integrating we get

=x—log |u| +log |z| +C

Substituting back, we get

=x—log |[x+3|+log |x—2]| +C

Applying the logarithm rule, we can rewrite the above equation as

_2|—|—C
¥ 3

+ 1 | -
= X 0

s X
The absolute value signs account for the domain of the natural log function
(x>0).

Hence,

J’x2+x—ld o |x—2|+c
X +x—6F " XTI8T 3




4 3+ 4dx — x?
") (z+2)(x—1)

Solution:

First we simplify numerator, we get

3 + 4x —x?
(x + 2)(x—1)

—(x*—4x—3)
o x2 4+ x-2
—(x?+x-5x—-2-1)
B X2 +x—2

—(x? +x—-2) N Bx + 1
X2 4 x-—2 X2 + x—2

bx + 1

=L+ (x + 2)(x—1)

Now the denominator is factorized, so let separate the fraction through partial
fraction, hence let

5 +1 A B

(x+2)(x—l)=x+2+x—1 """ (M
Ex + 1 _A(x-1) + B(x+ 2)
1 2)(x—1)  (x+ 2)(x—1)

=5x+1=A(x—1)+B(x+2)...... {ii)

We need to solve for A and B. One way to do this is to pick values for x which
will cancel each variable.

Put x = 1 in the above equation, we get



—(x? +x—-5x—-2-1)
B x2 + x—2

—(x? +x-2) N Bx + 1
X2 4 x-2 X2 +x—2

5x + 1
* (x + 2)(x—1)

= -1

Now the denominator is factorized, so let separate the fraction through partial
fraction, hence let

5x+1 A B

(x+2)(x—l)_x+2+x—1 """ M
Ex + 1 _A(x-1)+ B(x+ 2)

T 2)(x—1)  (x+ 2)(x—1)

=5x+1=A(x—1)+B(x+ 2)...... (i)

We need to solve for A and B. One way to do this is to pick values for x which
will cancel each variable.

Put x = 1 in the above equation, we get
=5(1)+1=A1-1)+B(1+2)
=6=0+3B

=B=2

Now put x =— 2 in equation (ii), we get
=5-2)+1=A(-2)-1)+B((—2)+2)
=—-9=-3A+0

=A=3

We put the values of A and B values back into our partial fractions in equation
(i) and replace this as the integrand. We get

J-[_l * (x —I—EXET(XI— l)] dx




”1+ A, B]d
= X+ 2 x—lx

”1+ > +2]d
= X+ 2 x—lx

Split up the integral,

o[ s [ s 2 [ o

Let substituteu=x+2 = du=dxand z=x—1= dz = dx, so the above

equation becomes,

= —J-ldx + EJ-E]du + EJ-E]dz
On integrating we get

= —x + 3loglu| + 2log|z| + C
Substituting back, we get

= —x + 3loglx + 2| + 2loglx—1| + C

The absolute value signs account for the domain of the natural log function
(x>0).

Hence,
3 -x + 3loglx + 2| + 2log|lx—1| + C
G 2)0=1 X = —X og|x oglx

2
45
5.[1’ da
J 2 —1

Solution:



First we simplify numerator, we get

x2 4+ 1
Xx2—1

x2—1+ 2
x2—-1
x*—1 2
xz—l+:{2—1
2
* (x—Dx+ 1)

=1

Now the denominator is factorized, so let separate the fraction through partial
fraction, hence let

2 A B

(x + 1)(x—1)=x+ 1+x—l """ M
2 _A(x—-1) + B(x+ 1)
T 2)(x—1)  (x+ 2)(x—1)

= 2 = A(x—1) + B(x + 1) ......(ii)

We need to solve for A and B. One way to do this is to pick values for x which
will cancel each variable.

Put x = 1in the above equation, we get
=2=A(1-1)+B(1+1)
=2=0+2B



x?—1+ 2
x2-—-1
x?—1 § 2
x2—1 x2-1
2
Z—E + 1)
Now the denominator is factorized, so let separate the fraction
fraction, hence let

2 A B

=1+

(x + 1)(x—1)=x+1+x—1 """ ()
2 _ A(x—1) + B(x + 1)
"HEADE-1D)  G+DE-1

= 2= A(x-1) + B(x + 1)...... (ii)

We need to solve for A and B. One way to do this is to pick valus
will cancel each variable.

Put x = 1 in the above equation, we get
=2=A(1-1)+B(1+1)

=22=0+2B

=pB=1

Now put x =—1 in equation (ii), we get



=2=A(-1)-1)+B((-1)+1)
=2=—2A+0
=A=-1

We put the values of A and B values back into our partial fractions in equation
(i) and replace this as the integrand. We get

2

J-[l * (x—1)(x + 1)]dx

”1+ A, B]d
= X +1 Xx—1 X

”1+ BN ]d
= X +1 Xx—1 X
Split up the integral,

Jrae [ [l + [ =] e
= X T 1 X —

Let substituteu=x+1=du=dxand z=x—1= dz = dx, so the above
equation becomes,

= [1ax- [[Jau + [[]

On integrating we get

= x— loglu| + log|z| + C
Substituting back, we get

= x—log|lx + 1| + loglx—1| + C
Applying the logarithm rule we get

x—1

+ C
x+1

= X + 10g|

The absolute value signs account for the domain of the natural log function
(x>0).

Hence,



x? + 1 x—1
J-Xz_ldx=x+10g|x + C

Exercise 19.31 Page No: 19.190

Evaluate the following integrals:

2
+1
1./ * d
S Ly |

Solution:

The given equation can be written as,



- [La
2+ 3

Using standard identity we get

— i’can“1 (L) +c
V3 V3
1
Substituting t as~ _ x, we get




2. /v‘cutﬂdﬂ

Solution:
Let cot B as x*

—cosec?0d0 = 2xdx

de X
=——dx
1+ cot?B
de X
= — X
1+x+
| 2% i
— X
1+x*
Re-writing the given equation as
1 1
1+5+1-2
}i 2 dx
X2 + x2
1 1
1+ N2
- N X —dx— | N X dx
(x-5) +2 (x+3) ~2
1
et ¥ T x T tang ¥ T T2

dt dz
_fﬁﬁ+2_f(ﬂ2—2




i 0d -
_f }2-2 deX
?‘I‘Xz
1 1
1+ 1—=
(x-%) +2 (x+5) -2
1 1
et "2 Land BT =
1 i
50(1 +x—2)dx=dtand(1—§)dx=dz

dt dz
-J (t)z+z‘f (z)2—2

J‘ 1
Using identity ¥ x*+a
1 m-(t) 1 1 z—2
— — tan|—=)— ——=lo
2 B\ T2z el

Now, substituting t as x — 1/x and z as x + 1/x we have

-3
Jdx =1/atan(x) - /

e




x2+1—v‘2_x

+C
X2 41 +2x

1 tant [xz__ 1] - 1—3‘09

N2 N2x ) 232

Lastly, substituting x* as cot 0 we get

FW — [mte— 1] 3 |mte+1 R cote
2 P2cote % lcote+1l -focote|

2 4 g
3.fx 9 i
x4 + 81

Solution:




5 dX (By completing the square)

9
(l +*—§)d}{= dt
X

dt
=ft2+18

1

-1
Using identity J endx=  tank)

=%tar;(%)+c

1

Substituting t as AT

M=
= — Tan X +C

3v2 3V2




1
4. —d
./x4+x2+1 X

Solution:



1
%2
[—F—F &
X2+1+F

1 (Manipulating the

i T |
14+
1 Xz x2 dx numerator by multiplying

}{2+1+% and diving by 2)
1 1
1 1+F —l‘l‘?
=l dx + T dx
X2+1+F 2+1+;{*§
1 1
1 1'1‘—5 —1+—f
= — —dx+ [ 2 dx
1 1
(X—E) + 3 (X+§) -1

Let X ; and X

Then, (1 + — )dx = dt and (1 —:Z)dx =2

::;“(ﬂl+3_ff5;}ﬂ

z—1

z+1

dz 1

and (z)2-1 2

+€

dx = tan1(x)

Using identity f xZ+1

171 t:a-T(t) 11 ‘2—1”
213 N\ E) T2 %z

4



We get,

1] 1 ta'1 X—= L x+%—1
apva V3 ] 2 Pl
X
2.—
tm it 2 r |X gl P17
Eﬁ ﬁx |x +1+x

X
4+ x2 41

Solution:




The given equation can be written as

3 1
1—-c-+=
X dex
x2 +'1'+'£§
1
g X— [ 57— ——dx
(x—l) 3 X*+xe4+1
X

1
. ) J—— 2
Substituting tas>  x and z as X

(1 + é) dx =dt , ,2xdx= dz

f dt BJ, dz
()2+3 2" z24+z+1
f dt 3 dz
(D2+3 2 2 3
(z+3) +3

[ ——dx= taﬁ][x)

x2+1

Using identity
-1

1 t 2z 41
— tan(—)—u@ tan( )—I—n:

K] K] K]
Substituting t as ™~ i and z as x?
-1 1 y
1] £ =3 i 12}'{2+1 L
=— tan —V3tan|—— ) +¢
V3 V3 V3
Hence,

2 2
e e | L, e ] I B tan™? X Fi e
3 J3



Exercise 19.32 Page No: 19.196

Evaluate the following integrals:

1 1 d
'/{x—nm g

Solution:

Assume x + 2 = t2

dx = 2tdt
NUW,I 2dt
(£2—3)

=1

z+1

4l

J = =~1—10g
Using identity = (z)*-1 2

1l t—ﬁ+
0 C
=3 eli+ 3

(x+2) —

Wﬂf

1
= —1Io
73 g

2 1 d
'/{x—nm *

Solution:



Assume 2x+ 3 =t*
dx =tdt

dt
Je—,
2
2dt
I o
(t2—5)

J" dz _
Using identity = (z)*-1

t—\."'g
t++/5

log +c

-
o~

[(2x+3) — 5

N
V2X+3++/5

-
ol ~

t—\.’g
t++5

+cC

-
ol ~

[(2x+3) —+/5

N
V2x+3+465

log

ol

k.

x+1
. | PEEIW s b

Solution:

1

2

log

z+1

+cC



The given equation can be written as

(x—1)+2 q
X
(x—1)Jx+2

Now splitting the integral in two parts

(x—1) 2

dx + dx
J (x—1)yx+2 (x—1vx+2

x]'.l.‘l'l
[ x"dx =
n+l

For the first part using identity
2Vx+ 2
For the second part

Assume x4+2=t*

dx=2tdt
| 4dt
(2 —3)
dz 1 -
N : =-log|—|+ ¢
Using |dentltvj{312—1 2 98 |21
2 | t—+/3 N
3 elii 3
2, JE+2) —+3 "
V3 & VX+2+43
Hence integral is
2 JE+2) -3
2Vvx+2+—=lo +c
V3 & VEF 2443

2
+ / (x — 1)\/:'(-|-_2dx

Solution:



The given equation can be written as

| (x*—1)+1
X
(x—1)yx+2
(x2—1) 1
dx + dx
J (x—1)yx+2 J (x—1)Vx+ 2
(x+ 1) 1
dx + dx
J VX + 2 I (x—1vVx+2
[ L dx+ [Vx+2dx+ [ dx
VX +2 (x—1)vVx+ 2

For the first- and second-part using identity
2 3
§(x+ 2)2+ 2vx+2

For the second part
Assume x+2=t2
dx=2tdt

4dt
le=s)

z+1

+cC

J d =Elng
Using identity = (z)*-1 2

[ x"dx

xI'l-l'l

n+l



(x+1) 1 B (x+2)-1
f\}x+2dx+f(x—1)y‘x+2dx_f\,‘x+2 +f(x—1
(1) 1
f\fmdx+f\fx+2dx+f(x_1) _X+2dx
fxndx=xﬂ+l

For the first- and second-part using identity n+1

p 3
3 X+ 2)2— 2Vx+2

For the second part
Assume x+2=t?

dx=2tdt

o, [ 2 dt
(t2— 3}




dz 1 -
=-log |—| +
Usmgu:ienhts,vf(z)2 1 210g z+1‘ -
t— 3
=2, = V3 +cC
2v’_ 5lt+v3
(x+2) — (Usmgtz—x+2)
\/_ VX +2 +\f_
Hence integral is
(x+2) —
=g+ 2 2—2\fx+ +—l
( ) V3 JxT+\/_

5‘/{x_3}m“”

Solution:




The given equation can be written as

| (Xx—3)+3
(x—3)Vx+1
(x—3) 3
J (x—3)vx+1 +] (x—3)Vyx+ 1dx

n+1

f xrax =3

n+l

For the first part using identity

2Vx+1+4+c
3

F dx,
or the second part f -+ 1
Assume x+ 1 =12

dx = 2t dt

3.2dt
J (t2—4)




[ o =3los |
Using identity @ (z)*-1 2 z+1
.
—J2X4LX — —
22 Blt+a2l™ ¢
JAX+2) —2
=2 log : ) +c
2 VX+2+2
Hence integral is
2\/x+1+31 vix+2) =4
VvX 12 2

=
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