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Instructions :

. Calculators (in any form) and protractors are not allowed.

. Rulers and compasses are allowed.

e All questions carry equal marks. Maximum marks : 102.

. No marks will be awarded for stating an answer without justification.
e Answer all the questions.

e All questions carry equal marks.

e Answer to each question should start on a new page. Clearly indicate the question number.
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Let n > 1 be a positive integer. Call a rearrangement au, az, ..., an of 1, 2, ..., n nice if forevery k =2, 3, ..., n,

we have that a1 + a2 + ... + ax is not divisible by k.

(& Ifn>1is odd, prove that there is no nice rearrangementof 1, 2, ..., n

(b) Ifnis even, find a nice rearrangement of 1, 2, ..., n.

(@)
Letnbe 2k + 1 forsomek>1,k e Z

Then for an arrangement to be nice
nl(a +a, +..+a,)

But a+...+ a, = n(n2+ Y E (2 +1)2(2k+ 2) =(k+1)(2k +1)=(k + 1)n

%)

Therefore, no nice rearrangement exists for n € odd

(b)

Letn be 2k forsome k=1, k € z,

= n|n(k+1) = n

Then lets see through some examples

Forn=2

= arrangement of {1, 2} such that 2|IT(arrangement)
= 1 atunit place

= {2, 1} is such rearrangement

Forn=4

arrangement of {1, 2, 3, 4}

suchthat 2 [(a, +a,) = {21

3|(a+a,+a,) ={214}
And 4] (a+a, +a,+4a,) — this clearly satisfies as 4 | 10

= (2, 1,4, 3)is such rearrangement

= 2,1,4,3,6,5 ... will be the nice arrangement

[i+1icodd
aj=2a _{i—li € even

Kk
= Y (a) should not be divisible by k then
i=1
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Sol.

It would lead to nice rearrangement
For even n,
Let,k=2m + 1, where m € I*

k 2m+1

>a=

i=1 i=1

(1+2+...+2m)+2(m+1)

(2m) (2m +1)
2

+2(m+1)

= 2m? +m+2m+2=(2m2+3m+1)+1

=(2m+)(m+1)+1

k
Clearly, (2m+1)|(2m+1)(m+D)+Iimel" = k[ a
il=1

Now let k = 2m, where m < I*

Z:; a =(a,+a,)+(a; +a,) +.+ (Bym_y + )

=1+2+..+(2m-1)+(2m)
- (2m)(§m +1) =n(2m +1)

2n|2m? but 2m | m forn e I*

= 2m|[(2m® + m)=m(2m + 1)

= {ai} leads to nice rearrangement.

a =(a +a +.. 8+,

(2+1)+(4+3)+...+(2m+2m -1) + (2m + 2)
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For a positive integer n, let R(n) be the sum of the remainders when n is divided by 1, 2, ..., n. For example
R(4)=0+0+1+0=1,R(7)=0+1+1+3+2+1+0=8.Find all positive integers n such that R(n) = n - 1.

For observation

R(1)=0

R(2)=0+0=0
R(3)=0+1+0=1
R(4)=0+0+1+0=1
R(B)=0+1+2+1+0=4
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Sol.

R6)=0+0+0+2+1+0=3
R(7)=0+1+1+3+2+1+0=8
R@B)=0+0+2+0+3+2+1+0=8
RO =0+1+0+1+4+3+2+1+0=12

RMO - 2024-25

So, for R(even) and R(odd) there is a pattern for second half. Now assuming

Case-l:
n € even
R(n) 21+2+"_+(E_1)=—n(n—2)
2 8
n-1> M
8

= n2-10n+8<0

= ne(0,9]

But we can see that for n = 2, 4, 6, 8 will not satisfy the given relation.

Case-ll:

n € odd

n-1\)(n-1
1 ( 2 )( 2 +1j n2 -1
R(N)>0+1+2+3+...+ n = A
2 2 8

n2—8n+7<0
(n-1)(n-7)<0
nell,7]
= nel, 357
Only n =1 and 5 satisfies.

Positive set of integers {1, 5}

Only two integral values satisfies the given statement.

Let ABC be an acute triangle with AB = AC. Let D be the point on BC such that AD is perpendicular to BC. Let
O, H, G be the circumcenter, orthocenter and centroid of triangle ABC respectively. Suppose that

2-0D = 23-HD. Prove that G lies on the incircle of triangle ABC.

As AABC be acute isosceles A
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A

= O, G, | and H will lie on same line, where | is Intentre
Let AD = x

= GD-= % = 2Gl (as GD is diameter)

=2ID
BD = CsinB
p="9"B _orsin’B. (AB=AC = /B = /C)
tanC
OD = RcosA,

As 20D = 23HD (Given)
= 2RcosA = (23)(2Rsin?B)
= 2cosA = 23(1 - cos?B), Also L/A=180°- /B - ZC

= /A=180°-2/B (£B=/C)

23 NG

= COSA=—,SinA=——
25

25
cosB = % and sinB = % = 5sinA = 2sinB
sinA _ 2
sinB 5
If GD = 2r then GD will be diameter and G will lie on in circle
1
- g .A 5@ B 2RsinAX _ XsinA
S 1(a+b +c) 2R(sinA +sinB + sinB)  6sinA
2
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- x_Gb
2

X
6
= GD=2r

= G lies onin circle of AABC.

4. Letay, a, as, as be real numbers such that a’ +a; +a; +a; =1. Show that there exist i, j with 1 <i <j <4, such

that (a, -a,)° s%.

Sol.
Let's assume that for real numbers
a1, &z, as, au there exists (3 —a,)’ >:—;
for 1<i<j< 4
without losing the generality
a, >a, >a, > a,, clearly equality doesn’t holds otherwise proof will be done
= a>a>az> a4
= (al—az)>i (i)
5
1 £
- > — e
(2 -2)> % (i
1
-a,)>— ..(iii
(8 -2)> & (i)
Adding,
= >a, + =
a >a, NG
>a, +—
a>a NG
fas>0=a>0 Vie(l234}
= a>a + 4,44
4 5 \/g 4
a>al+ 9+
J_
a>a + 1+
J_
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= iaﬁ a2 12, 4[a +iJ2 +[£—gj:>iaf >1
= ‘5 5 fa2ys) B 20) T

We reach to contradiction
far<0=a<0 Vie{l234}
letb =—a=b >0Vie{l234}
= from equation (i), (ii) and (iii)
1

N

1

5

1

J5

= bi<b2<bz<bs

b,-b >
b,-b, >

b, - b, >

Will lead to similar contraction
= Zb,z >1

= There must exist such as, a2, as, as R such that Vi, j € {1 2,3, 4} (a -a, )2 S%

5. Let ABCD be a cyclic quadrilateral such that AB is parallel to CD. Let O be the circumcenter of ABCD and L be
the point on AD such that OL is perpendicular to AD. Prove that OB - (AB + CD) = OL - (AC + BD).

Sol.

AB || CD and ABCD is cyclic

= ABCD is cyclic trapezium
= AD=CBand AC=BD
Let r be the radius of circle
OB - (AB + CD) =r(AB + CD)
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Let /DOC =0, ZAOB = o
/DOL = ZAOL =B
= /BOC=28

AM =r sin2
2
AB =2r sin(gj
2

Similarly, CD = 2r sin(g]

AC =2r sin(@j

OL =rcosp

LHS =r| 2r sin2+2r sin9
2 2

= 2r? sing+sin9 i)
2 2
RHS =r cosB{Zr sin(@j +2r sin(ﬁgeﬂ
= 2r2[23in(£2+e)cos[3}
= 2r? :~3in(2ﬁ+9]+sing
2 2
Now, 2B + 2B + a. + 0 = 360
2p+%+9 180
2 2

= 2r2 sin(g)+sin9
2 2

= LHS =RHS.

6. Letn2> 2 be a positive integer. Call a sequence ai, az, ..., ak of integers an n-chainifl=ai1<az<...<ak=n
and a; divides aj+1 for all i, 1 <i <k — 1. Let f(n) be the number of n-chains where n > 2. For example, f(4) = 2
corresponding to the 4-chain {1, 4} and {1, 2, 4}.

Prove that f(2™ - 3) = 2™-1(m + 2) for every positive integer m.
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Sol.

Lets see via examples
12-chain,
f(12) =n(S), 12=22. 31

S={(1,12), (1,2, 12), (1, 3, 12), (1, 2, 6, 12), (1, 4, 12), (1, 3, 6, 12) ..., (1, 6, 12)}

= In another way we need to select divisors of n.
Clearly f(2k) = f(2k-1) + f(2k-2) + ... + f(21) + (2°)
=(2k-2+ 2K+ L+ 1) +1

= (k-1-1)+1=2k"1

Let's proceed with induction

f2k-3)=(k+2) -2~ k>1

= Checking the base case

f(6)=3-20=3

{(1, ), (1, 2,6), (1, 3, 6)}

Notice that (2% - 3) and (2 *1) are proper factor of (2k+1 - 3)
Also, f(2k+1 . 31) = f(2k - 3) + f(2k+ 1) + f(2k - 3)

= (K+2) 2k 142K+ (k+2). 2k-1
=(kk+3)-2x=[(k+1)+1]- 2k-D+1

= Since for f(k), f(k + 1) is also true.

Therefor the proof is done

Alter :

f(2m-3)=2k[™c +mC,, |
k

Using combinotorics argument for selection of factors when 3 is in divisors factors.

= zk:k('”‘lck_z) = Zk:[(k ~)"C,+ ”‘Ck_l]
= zk:(ki_lj(k -9(™C,,)+>"C,

k
=m-2m-1+2m
=2m-1(m + 2)

Hence proved.

a o a

X
Aakash

Medical | lIT-JEE| Foundatons

AIR Rishi Shekher
2 Shukla
r Classre

)- Delivering Champions Consistently

&)
Aakash

Medical [lIT-JEE| Foundations

JEE (Main) 2024




